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a b s t r a c t
Ensemble methods are machine learning methods that construct a set of models and combine their
outputs into a single prediction. The models within an ensemble can have different structure and parameters and make diverse predictions. Ensembles achieve high predictive performance, beneﬁting from the
diversity of the individual models and outperforming them.
In this paper, we develop a novel method for learning ensembles of process-based models. We build
upon existing approaches to learning process-based models of dynamic systems from observational data,
which integrates the theoretical and empirical paradigms for modelling dynamic systems. In addition to
observed data, process-based modelling takes into account domain-speciﬁc modelling knowledge.
We apply the newly developed method and evaluate its utility on a set of problems of modelling
population dynamics in aquatic ecosystems. Data on three lake ecosystems are used, together with a
library of process-based knowledge on modelling population dynamics. Based on the evaluation results,
we identify the optimal settings of the method for learning ensembles of process-based models, i.e., the
optimal number of ensemble constituents (25) as well as the optimal way to select (using a separate
validation set) and combine them (using simple average). Furthermore, the evaluation results show
that ensemble models have signiﬁcantly better predictive performance than single models. Finally, the
ensembles of process-based models accurately simulate the current and predict the future behaviour of
the three aquatic ecosystems.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
Mathematical models are widely used to describe the structure and predict the behaviour of dynamic systems under various
conditions. Constructing such a model is a process that uses both
expert knowledge and measured data about the observed system.
The main challenge is integrating these two into an understandable
model within the laws of nature.
Two major paradigms for constructing models of dynamic
systems exist: theoretical (knowledge-driven) and empirical (datadriven) modelling. Following the ﬁrst paradigm, domain experts
establish an appropriate structure of the model and calibrate its
parameters in an automatic fashion using measured data. The second approach uses measured data to search for such a combination
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of model structure and parameter values that leads to simulated
behaviour that ﬁts the measurements well. In both approaches,
the models are often formulated as ordinary differential equations
(ODEs).
Within the area of computational scientiﬁc discovery (Langley
et al., 1987), a sub-ﬁeld of equation discovery has emerged that
studies methods for learning the model structure and parameter values of dynamic systems from observations (Džeroski and
Todorovski, 2003; Bridewell et al., 2008). The state-of-the-art
approaches in this area, referred to as process-based modelling
(Bridewell et al., 2008; Čerepnalkoski et al., 2012), integrate the
theoretical and the empirical paradigm to modelling dynamic systems. A process-based model (PBM) provides an abstraction of the
observed system at two levels: qualitative and quantitative.
At the qualitative level, a process-based model comprises entities and processes. Entities correspond to agents involved in the
modelled system, whereas processes represent the relations and
interactions between the entities. This results in an interpretable
model of a system, explaining the structure of the observed system.
On the other hand, at the quantitative level, the entities deﬁne a set
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Fig. 1. The internal structure of entities and processes in process-based models.

of variables and constants, and the processes are annotated with
equations modelling the underlying relations and interactions. At
this level, we can transform a process-based model to a system of
ODEs and simulate its behaviour.
Following the process-based modelling approach, we can generalize speciﬁc entities and processes into template entities and
processes in a given modelling domain. A collection of such template entities and processes is called a library of process-based
domain-speciﬁc knowledge. In modelling aquatic ecosystems, such
a library of model components has been proposed by Atanasova
et al. (2006b). The library deﬁnes a set of template entities, i.e.,
nutrients, primary producers, animals and environment, that typically occur in aquatic ecosystems (Luenberger, 1979). These entity
templates are used to deﬁne template processes that provide
recipes for modelling food-web interactions between the aquatic
ecosystem entities. The knowledge encoded within the template
entities and processes allow for automated modelling of population dynamics in aquatic ecosystems from measurements of system
states (e.g., nutrients and species concentrations) through time.
Process-based modelling software can then integrate the encoded
knowledge with the measured system behaviour into a PBM of the
observed system.
In our previous work, we have shown the utility of the processbased modelling approach for modelling population dynamics in
a number of natural lakes (Čerepnalkoski et al., 2012) and marine
ecosystems (Bridewell et al., 2008). Note however, that these studies focused on establishing descriptive, explanatory models of the
population dynamics in aquatic ecosystems and the obtained models were analyzed and simulated on the same data that were
used for learning them. In particular, they aimed to identify the
limiting factors of the phytoplankton growth in the observed systems that are evident from the qualitative level of the learned
process-based models. The generalization power of the obtained
process-based models in terms of their ability to predict the future
behaviour of the observed systems was not investigated in these
studies.
In this study, we shift our focus towards the predictive performance of process-based models. The results of the preliminary
experiments indicate the tendency of process-based models to
overﬁt: While focusing on the provision of detailed and accurate descriptions of the observed systems, PBMs fail to accurately
predict future system behaviour. To address this limitation of
process-based models, we propose here a standard method for
improving the predictive performance of models in machine learning, the use of ensembles. The idea of ensembles is to learn a set of
predictive models (instead of a single one) and then combine their
predictions. The prediction obtained with the ensemble is expected
to be more accurate than the one obtained with a single model
(Maclin and Opitz, 1999; Rokach, 2010).
The main contribution of this paper is a novel method for learning ensembles of process-based models. For tasks such as modelling

the behaviour of ecosystems, the ensembles are usually employed
in the context of learning tasks for classiﬁcation and regression
(Crisci et al., 2012; Knudby et al., 2010). However, to the best of our
knowledge ensembles of process-based models have not yet been
addressed in this context, and considered for tasks for modelling
ecosystems.
We test the utility of the newly developed method for predictive modelling of population dynamics in lakes. To this end, we
conjecture that ensembles of PBMs, similarly to other types of
ensembles in machine learning, will improve the predictive performance of single models and lead to satisfactory prediction of
future behaviour of the observed aquatic ecosystems. To test this
hypothesis, we experiment on a series of tasks of modelling population dynamics in three lakes: Lake Bled, Lake Kasumigaura and
Lake Zurich. From each lake we use seven yearly data sets, using six
for learning and one for testing the predictive performance of the
learned models. The aim of the experiments is two fold: Beside
validating our central hypothesis (that ensembles perform better than single models), we also seek appropriate design choices
related to our method for building ensembles of process-based
models.
The remainder of this paper is organized as follows. Section 2
introduces the novel approach to learning ensembles of processbased models by discussing the task of automated modelling of
dynamic systems – the process-based modelling approach, and
focuses on a recent contribution to the area of automated process modelling, i.e., the ProBMoT tool. Section 3 describes ensemble
methods in general and their adaptation for process-based modelling in particular. The design of the experiments, the evaluation
measures and the data sets used are described in Section 4. Section 5
presents the results obtained the experimental evaluation. In Section 6, we discuss the contributions of this paper and overview the
related work. Finally, Section 7 summarizes the work presented in
this paper and discusses directions for further work.

2. Process-based modelling and ProBMoT
Equation discovery is the area of machine learning that aims at
developing methods for learning quantitative laws, expressed in
the form of equations, from collections of observed data. Recently,
equation discovery methods have been used in the context of
learning models of dynamic systems (Todorovski and Džeroski,
2007; Džeroski and Todorovski, 1993). The state-of-the-art equation discovery methods for modelling dynamic systems, referred
to as process-based modelling (Bridewell et al., 2008; Džeroski and
Todorovski, 2003) integrate domain-speciﬁc modelling knowledge
and data into explanatory models of the observed systems. In the
rest of this section, we brieﬂy introduce the process-based modelling approach and then describe its particular implementation
within the ProBMoT software platform.
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Fig. 2. The library of modelling knowledge comprising template entities (thick horizontal lines) and processes (dashed lines connecting the entities) for modelling population
dynamics in aquatic ecosystems.

2.1. Process-based modelling
Process-based models provide a description of the observed system at two levels of abstraction. At the upper, a qualitative level,
process-based model consists of entities and processes. The entities
represent the main components of the observed system, whereas
the processes correspond to the interactions between the system
components. At the qualitative level, process-based models provide
insight into the high-level conceptual structure of the system. However, this high-level description does not provide enough details
that would allow for simulation of the system behaviour.
On the other hand, at the quantitative level, entities and
processes provide further modelling details that allow for the transformation of PBMs to ODEs and therefore simulation of the system.
Fig. 1 depicts the internal structure of entities and processes, which
deﬁnes a number of properties as follows.
Entities comprise variables and constants related to the components of the observed system. For example, an entity representing
phytoplankton in an aquatic ecosystem would include a variable
corresponding to its concentration, that changes through time, and
a constant, corresponding to its maximal growth rate. Each entity
variable has three important properties: the role in the model, the
initial value and the aggregation function. The role of the variable in the model can be endogenous, i.e., representing internal
system state, or exogenous, i.e., representing an input external to
the system (not modelled within the system). An example of an
endogenous variable in an aquatic ecosystem is the concentration
of phytoplankton, while the water temperature is often treated
as exogenous. Initial values of endogenous variables are necessary
for model simulation. Moreover, each endogenous variable has its

constraints deﬁned, which limit the set of feasible values of the
variable (for example, the concentration of the phytoplankton can
neither be negative nor exceed 100 gWM/m3 ). Finally the aggregation function for a variable speciﬁes how inﬂuences from multiple
processes on the speciﬁc variable are need to be combined, e.g.,
additively or multiplicatively.
The processes include speciﬁcations of the entities that interact,
equations, and sub-processes. Consider the process of phytoplankton growth. It involves the phytoplankton as well as the growth
limiting factors of nutrients and the environment. Equations provide the model of the interaction represented by the process and
contains variables and constants from the entities involved in the
corresponding interaction. In the phytoplankton growth example,
an equation would deﬁne the mathematical model for calculating the growth rate. Finally, each process can include a number
of sub-processes related to different aspects of the interaction.
For example, the mathematical term of temperature limitation of
growth (or nitrogen/nutrient), can be speciﬁed in an appropriate
temperature (or nitrogen) limitation sub-process of the growth
process. Sub-processes improve both the interpretability and the
modularity of process-based models (Bridewell et al., 2008).
The entities and processes represent speciﬁc components and
interactions observed in the particular system at hand. The processbased modelling approach allows for a higher-level representation
of domain-speciﬁc modelling knowledge, employing the concepts
of entity and process templates. They both provide general modelling recipes that can be instantiated to any speciﬁc components
or interactions in the system. The phytoplankton entity from the
example above is an instance of the general template entity of
primary producer. Similarly, particular model of phytoplankton
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Fig. 3. The architecture of the ProBMoT platform for process-based modelling.

growth used in the above example process, is an instance of the
more general growth process template. The template entities and
processes are collected together into a library of components for
modelling systems in a given domain of use.
Fig. 2 represents a high-level overview of the library for modelling population dynamics in aquatic ecosystems proposed by
Atanasova et al. (2006b). The library organizes the templates in
hierarchies. The hierarchy of entity templates (represented by thick
horizontal lines in Fig. 2) in aquatic ecosystems includes the ecosystem entity and the environment entity templates at the highest
level. The ecosystem entity template instantiates further on into
population and nutrient entity templates, the ﬁrst being further
specialized into zooplankton and primary producer entity templates. Similarly, the process templates (represented by dashed
lines, connecting involved entity templates) are organized into
a hierarchy that deﬁnes the space of modelling alternatives. For
example, the growth of a primary producer can be logistic, exponential or limited.
When learning process-based models, the entity and process
templates from the library are instantiated to speciﬁc entities and
processes corresponding to the observed system. These speciﬁc
entities and processes represent model components that can be
in turn used to deﬁne the set of candidate model structures. The
algorithm for learning models employs knowledge-based methods from artiﬁcial intelligence to enumerate all candidate model
structures. To evaluate a structure, the learning algorithm performs
parameter estimations ﬁtting the values of the constant model
parameters that minimize the model error, i.e., the discrepancy
between the model simulation and the observed system behaviour.
The parameter estimation employs non-linear optimization to minimize the model error. Finally, the obtained models are sorted by
decreasing model error and the best-ranked model is considered to
be the result of the learning process.
Basic automated modelling algorithms perform exhaustive
search through a constrained space of candidate process-based
models, limiting the number of processes in the model (Bridewell
et al., 2008). Advanced learning algorithms, such as Lagramge2.0
(Todorovski and Džeroski, 2007) and HIPM (Hierarchical Inductive Process Modelling) (Todorovski et al., 2005), perform heuristic
search and allow for more sophisticated hierarchical constraints
on the plausible process combinations. In the remainder of this
section we will brieﬂy describe the most recent implementation of
the PBM approach, called ProBMoT, which stands for Process-Based
Modelling Tool (Čerepnalkoski et al., 2012).

2.2. ProBMoT
Fig. 3 represents the architecture of the ProBMoT software platform for process-based modelling. ProBMoT supports
the simulation, parameter estimation and automated learning

of process-based models. ProBMoT follows the PBM approach
described above.
The ﬁrst input to ProBMoT is the conceptual model of the
observed system. The conceptual model speciﬁes the expected
logical structure of the expected model in terms of entities and
processes that we observe in the system at hand. ProBMoT combines the conceptual model with the library of modelling choices
to obtain a list of candidate model structures. For each model
structure, the parameter values are estimated to ﬁt the observed
behaviour of the modelled system.
The parameter estimation process is based on the metaheuristic optimization framework jMetal 4.4 (Durillo and Nebro,
2011) that implements a number of global optimization algorithms. In particular, ProBMoT uses the Differential Evolution (DE)
(Storn and Price, 1997) optimization algorithm. For simulation purposes, each process-based model is ﬁrst transformed to a system
of ODEs. In turn, ProBMoT employs the CVODE (C-package for
Variable-Coefﬁcient ODE) solver from the SUNDIALS suite (Cohen
and Hindmarsh, 1996).
ProBMoT implements a number of measures of model performance: the sum of square errors (SSE) between the simulated
and observed behaviour, and several variants thereof. The latter include mean squared error (MSE), root mean squared error
(RMSE), relative root mean squared error (ReRMSE) and weighted
root mean squared error (WRMSE). The last two are used in the
experiments presented here, and will be explained in greater detail
later, together with the particular ProBMoT parameter settings.
3. Ensemble methods and ensembles of process-based
models
Learning ensembles is an established method for improving the
predictive performance of models in machine learning (Okun et al.,
2011), however learning ensembles of process-based models has
not been considered so far. In this section, we deﬁne ensembles
of process-based models and corresponding methods for learning them. First, however, we provide a brief overview of classical
ensemble methods in machine learning.
An ensemble is a set of models (referred to as base-models or
ensemble constituents) that is expected to lead to predictive performance gain over a single model. The idea behind ensembles is to
improve the overall predictive power by combing the predictions
of individual base-models. An ensemble method consists of three
main components: a technique for learning/generating a set of candidate base-models, a technique for selecting the base-models that
constitute the ensemble, and a combining scheme specifying how
the base-model predictions are aggregated into an ensemble prediction.
Based on how the candidate base-models are learned, the
ensembles can be homogeneous or heterogeneous. In homogeneous ensembles, the base-models are learned with the same
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learning algorithm, but from different samples of the training
data. Commonly used sampling variants include: sampling of data
instances (bagging Breiman, 1996a, boosting Freud and Schapire,
1999), sampling of data features/attributes (random subspaces Ho,
1998) or both (random forests Breiman, 2001). On the other hand, in
heterogeneous ensembles, the candidate base-models are learned
using different learning algorithms (e.g., stacking Wolpert, 1992).
After we have generated the candidate base-models, we have
to select the ones to be included in the ensemble. Most classical
ensemble methods would typically use all the candidate models as
ensemble constituents. In contrast, ensemble pruning techniques
can be used to learn small-size ensembles (thus reducing the computational complexity) and improve ensemble robustness, e.g., in
the case of bagging (Zhou et al., 2002).
Finally, the combining scheme depends on the type of the basemodels. In the case of classiﬁcation models that predict qualitative
values, different voting scheme are employed. In the case of regression models that predict numeric values, the alternatives include
average, weighted average and weighted median (Drucker, 1997).
In this paper, we adapt the well-known bagging method for
learning homogeneous ensembles where the training data is
modiﬁed by sampling the data instances. The bagging method,
introduced by Breiman (1996a), is one of the earliest and simplest ensemble learning methods. It ﬁrst randomly samples data
instances, with replacement, to obtain several bootstrap replicates
of the training data. Next, a candidate base model is learned from
each of the different bootstrap replicates. An important property
of bagging is that it can be implemented as a parallel algorithm,
which is due to the fact that it handles each bootstrap sample
independently.
In the continuation of this section, we introduce a novel
approach to learning ensembles of process-based models. This
approach follows the bagging idea introduced above. We are going
to introduce it following the three-components structure of ensemble methods as outlined above.
3.1. Learning individual process-based models
Using ProBMoT, we learn the individual candidate base-models
from different samples of the observed behaviour at hand. The
notable difference from bagging in the context of regression is that,
in our case, the data instances have temporal ordering that has to
be preserved in each data sample. To achieve this, we implement
the sampling by introducing weights for each instance. The weight
corresponds to the number of times the instance has been selected
in the process of sampling with replacement. Instances that have
not been selected (the ones with weight 0) are simply omitted from
the sample. From each sample, a PBM is learned with ProBMoT.
To account for the instance weights when learning a model from
the sample, we employ the weighted root mean squared error in
ProBMoT:



WRMSE(m) =

n
ω
t=0 t

∗ (yt − yˆt )

n

t=0

ωt

2

.

(1)

Here yt and yˆt correspond to the measured and simulated values
(simulating the base model m) of the system variable y at time
point t. n denotes the total number of instances in the data sample
and ωt denotes the weight of the data instance at time point t.
3.2. Selecting and combining process-based models into an
ensemble
When learning a PBM from each data sample, ProBMoT selects
the top-ranked model as a result. However, we can use two alternative data sets to calculate the error used to rank the models in

5

Table 1
Predictive performance (ReRMSE on the testing data) errors of the complete and
pruned ensembles and the number of base-models pruned from the 100 model
ensembles learned on 15 data sets, described in see Section 4.3.
Case

Complete

Pruned

# base-models pruned

B1
B2
B3
B4
B5
K1
K2
K3
K4
K5
Z1
Z2
Z3
Z4
Z5

1.8E+03
1.243
17.037
0.737
0.625
9.2E+01
4.482
4.0E+04
0.823
0.978
1.105
1.187
8.579
0.972
2.8E+01

1.055
1.243
1.046
0.737
0.625
0.927
1.840
0.907
0.988
0.978
1.028
1.077
1.212
0.972
1.390

53
0
11
1
0
19
98
17
9
0
2
3
6
0
24

ProBMoT. By default, ProBMoT ranks the models using the error on
the training data sample; we refer to this selection method as regular. In contrast, the validation selection method employs a separate
validation data set to calculate the error used for model ranking in
ProBMoT.
In order to simulate an ensemble, we need to simulate every
candidate base model. The resulting ensemble simulation is a
combination of the predictions of all individual base-models in
the respective time point. In our case, we use average, weighted
average and weighted median as combining schemes: These are
commonly used for tasks such as regression (Drucker, 1997). In the
case of average, all base-models participate in the resulting simulation equivalently. For the weighted average and weighted median
schemes a conﬁdence is calculated for each of the base-models with
respect to their performance error. The base-models with higher
conﬁdence will dominate in the resulting ensemble simulation.
However, some of these simulations may not be valid, i.e., may
not satisfy the constraints given in the library of background knowledge. In this case, we perform ensemble pruning, i.e, we discard
these base-models from the resulting ensemble. Bellow, we illustrate the necessity of using ensemble pruning by comparing two
ensembles with 100 base-models.
Table 1 presents the results of the comparison of two ensembles,
complete and pruned, and the number of candidate base-models
discarded, in terms of performance error on the test data sample
(see Section Section 4.3) for 15 different cases. From the table, we
can see that in all but one experimental data set (K4), the pruned
ensemble outperforms (or is equal in performance to) the complete
ensemble. Note also that, in several cases (B1, B3, K1, K3, Z5) the
performance of the ensemble is signiﬁcantly improved. By discarding the base-models with unstable simulations from the ensemble,
we can ensure valid ensemble prediction and a stable simulation. In
this paper, we use ensemble pruning of this kind as a standard technique when selecting the ensemble constituents and simulating the
ensemble prediction.
4. Experimental setup
In this section, we present the setup of the experiments we performed to empirically evaluate the performance of the method for
learning ensembles of process-based models. We perform the evaluation on tasks of modelling population dynamics in three aquatic
ecosystems: Lake Bled in Slovenia, Lake Kasumigaura in Japan, and
Lake Zurich in Switzerland. The goal of our empirical evaluation is
twofold.
First, we are looking for a set of optimal design decisions related
to the algorithm for learning ensembles. In particular, we want
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Table 2
Overview of the data used for modelling population dynamics in the three lakes: Lake Bled, Lake Kasumigaura and Lake Zurich.
Bled

Kasumigaura

Zurich

Environmental
inﬂuence

Temperature
Light

Temperature
Light

Temperature
Light

Nutrients

Phosphorus
Nitrogen
Silica

Phosphorus
Nitrogen
Ammonia

Phosphorus
Nitrogen
Silica

Primary producer

Phytoplankton

Phytoplankton

Phytoplankton

Zooplankton

D. hyalina

None

D. hyalina

Training data (labels)
Validation data
Test data

1996–2000 (B1–B5)
2001
2002

1986–1990 (K1–K5)
1991
1992

1996–2000 (Z1–Z5)
2001
2002

to perform a comparative analysis of using different methods for
learning and the base-models to be included in the ensemble, different methods for combining the simulations of the base-models in
the ensemble, and different numbers of based models in the ensemble. Based on the results of this comparative analysis, we make a
set of choices that we use for learning ensembles of process-based
models of aquatic ecosystems.
Second, we aim at analysing the predictive performance of
ensembles of process-based models. In particular, we test the
central hypothesis of this paper that ensembles of process-based
models improve the predictive power of a single process-based
model for a given aquatic ecosystem. Furthermore, we want to
investigate whether the performance improvement is related to the
diversity of the predictions of the ensemble constituents. Finally, in
the last series of experiments, we visually compare the predictions
of ensembles to those of single models in each of the three aquatic
ecosystems.
4.1. Library of domain-speciﬁc knowledge and task of modelling
aquatic ecosystems
In our experiments, we use the library of domain-speciﬁc
knowledge for process-based modelling of aquatic ecosystems presented by Čerepnalkoski et al. (2012). Note that the library is based
on the previous work presented by Atanasova et al. (2006b). The
library, presented in Fig. 2, formalizes modelling knowledge in
terms of a set of template entities and processes for modelling
population dynamics in an arbitrary lake ecosystem. To reduce the
computational complexity of the experiments performed in this
paper, we used a simpliﬁed version of the library, where we omitted some of the alternatives for modelling individual processes. The
simpliﬁed version of the library and the conceptual model, lead
to 320 candidate model structure for Lake Kasumigarua and 128
candidates for the other two aquatic ecosystems used.
ProBMoT employs the Differential Evolution (DE, Storn and
Price, 1997) method for parameter estimation with the following
settings: population size of 50, rand/1/bin strategy, and the differential weight (F) and the crossover probability (Cr) both set to 0.6.
The limit on the number of evaluations of the objective function
is one thousand per parameter. For simulating the ODEs we used
the CVODE simulator with absolute and relative tolerances set to
10−3 . The particular choice of parameters setting of DE is based on
previous studies of the sensitivity of DE for estimating parameters
of ODE models, which includes also modelling of the population
dynamics in Lake Bled (Taškova et al., 2011, 2012).
4.2. Data
The data used in this study originates from three aquatic ecosystems: Lake Bled, Lake Kasumigaura and Lake Zurich.

Lake Bled is of glacial-tectonic origin, located in the Julian Alps
in north-western Slovenia (46.3644◦ N, 14.0947◦ E). It occupies an
area of 1.4 km2 , with a maximum depth of 30.1 m and an average
depth of 17.9 m. The measurements, performed by the Slovenian
Environment Agency, consist of physical, chemical and biological
data for the period from 1996 to 2002. All the measurements were
performed once a month and depth-averaged for the upper 10 m of
the lake. To obtain daily approximations, the data was interpolated
with a cubic spline algorithm and daily samples were taken from
the interpolation (Atanasova et al., 2006c).
Lake Kasumigaura, is located 60 km to the north-east of Tokyo,
Japan (36.0403◦ N, 140.3942◦ E). It has an average depth of 4 m, a
volume of 662 million cubic metres, and a surface area of 220 km2 .
The data set comprises monthly measurements in the period from
1986 to 1992. Again, to obtain daily approximations, the measurements were interpolated using linear interpolation and daily samples were taken from the interpolation (Atanasova et al., 2006a).
Lake Zurich is located in the south-western part of the canton of
Zurich in Switzerland (42.1970◦ N, 88.0934◦ W). It has an average
depth of 49 m, volume of 3.9 km3 and a surface area of 88.66 km2 .
The data comprises measurements performed by the Water Supply
Authority of Zurich in the period from 1996 to 2002. The measurements, taken once a month, include proﬁles of physical, chemical
and biological variables from 19 different sites. They were weight
averaged to the respective epilimnion (upper ten metres) and hypilimnion (bottom ten metres) depths. The data was interpolated
with a cubic spline algorithm and daily samples were taken from
the interpolation (Dietzel et al., 2013).
We use the same structure of population dynamics model in
all three aquatic ecosystems. It includes a single equation (ODE)
for a system variable representing the phytoplankton biomass
(measured as chlorophyll-a in Lake Kasumigaura). The exogenous
variables include the concentration of zooplankton Daphnia hyalina
(available only for Bled and Zurich), dissolved inorganic nutrients of
nitrogen, phosphorus, and silica (ammonia in Lake Kasumigaura),
as well as two input variables representing the environmental inﬂuence of water temperature and global solar radiation (light).
Table 2 provides a summary of the data sets we used in the
experiments. For each aquatic ecosystem, we used seven data sets
corresponding to the last seven years of available measurements.
Five of these were used (one at a time) for training the base-models,
one was used for validating the models in the process of selecting the ensemble constituents, and one was used to measure the
predictive performance of the learned models and ensembles.
In each learning experiment, we take a single (year) training
data set, learn a single model or an ensemble using the training
and the validation data set, and test the predictive performance
of the learned models on the test data set. We therefore perform
15 experiments. In the tables, we label them by the label of the
training set used, which is comprised of the initial letter of the lake
name, followed by a digit for 1 to 5 corresponding to each of the
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Table 3
Comparison of the predictive performance (ReRMSE on test data) of the different combinations of methods for selecting (Validation and Regular) and methods for combining
(Average, Weighted Average and Weighted Median) ensemble constituents applied to the 15 data sets. The numbers in bold are the best performance ﬁgures for the given
data set.
Validation

B1
B2
B3
B4
B5
K1
K2
K3
K4
K5
Z1
Z2
Z3
Z4
Z5

Regular

Average

Weighted average

1.08
1.10
0.97
0.78
0.87
0.73
1.64
0.87
0.78
0.74
0.78
0.88
0.95
0.96
1.32

1.09
1.10
0.97
0.78
0.88
0.74
1.63
0.87
0.78
0.73
0.78
0.88
0.99
0.97
1.38

Weighted median
1.08
1.12
0.96
0.76
0.87
0.80
1.64
0.89
0.79
0.73
0.79
0.90
0.91
0.97
1.26

Average

Weighted average

Weighted median

1.06
1.24
1.05
0.74
0.63
0.93
1.84
0.91
0.99
0.98
1.03
1.08
1.21
0.97
1.39

1.09
1.24
1.04
0.74
0.63
0.92
1.80
0.93
0.99
0.99
1.03
1.09
1.22
0.97
1.45

1.06
1.27
1.05
0.74
0.61
0.93
1.60
0.94
0.98
1.00
0.99
1.01
1.19
0.98
1.40

Table 4
Comparison of the descriptive performance (ReRMSE on training data) of the different combinations of methods for selecting (Validation and Regular) and methods for
combining (Average, Weighted Average and Weighted Median) ensemble constituents applied to the 15 data sets. The numbers in bold are the best performance ﬁgures for
the given data set.
Case

Validation

B1
B2
B3
B4
B5
K1
K2
K3
K4
K5
Z1
Z2
Z3
Z4
Z5

Regular

Average

Weighted average

Weighted median

Average

Weighted average

Weighted median

0.27
0.58
0.37
0.34
0.56
1.07
0.83
0.68
0.68
0.46
0.88
0.85
0.82
0.79
0.61

0.36
0.58
0.40
0.34
0.56
1.06
0.84
0.66
0.74
0.49
0.87
0.87
0.82
0.79
0.61

0.27
0.60
0.41
0.33
0.56
1.13
0.84
0.87
0.84
0.53
0.90
0.92
0.84
0.79
0.60

0.20
0.24
0.29
0.26
0.14
0.69
0.76
0.54
0.40
0.37
0.53
0.54
0.69
0.77
0.51

0.29
0.24
0.29
0.25
0.14
0.68
0.76
0.56
0.40
0.37
0.52
0.53
0.68
0.77
0.51

0.21
0.24
0.29
0.26
0.14
0.72
0.76
0.55
0.40
0.38
0.55
0.54
0.70
0.77
0.53

Critical Distance = 1.94692

6

5

4

Regular(Weighted Average )

3

2

1

Validation(Average)

Regular(Average)

Validation(Weighted Median)

Regular(Weighted Median)

Validation(Weighted Average)

Fig. 4. Comparison of the average ranks of different combinations of methods for
selecting and methods for combining ensemble constituents in terms of predictive
performance (ReRMSE on test data) averaged over 15 data sets.

5 consecutive years of measurements. The labels are thus B1–B5,
K1–K5 and Z1–Z5 and B5, for example, denotes the measurements
for Lake Bled taken in the ﬁfth year, i.e., the year 2000.
4.3. Evaluation methodology
To apprise the predictive performance of a given model m, we
use the relative root mean squared error (ReRMSE) (Breiman, 1984),
deﬁned as:



ReRMSE(m) =

n
2
(y − yˆt )
t=0 t
,
n
2
(y − yˆt )
t=0



(2)

where n denotes the number of measurements in the test data set,
yt and yˆt correspond to the measured and predicted value (obtained
by simulating the model m) of the system variable y at time point
t, and ȳ denotes the mean value of the system variable y in the test
data set. Note that the usual root mean squared error is normalized
here with the standard deviation of the system variable in the test
data, thus allowing us to compare the errors of models for system
variables measured on different scales. The other interpretation of
the normalization term is that it represents the error of a base-line
model that predicts the average value of y at each time point t. Thus,
the model with ReRMSE of 1 has performance equal to that of the
base-line “average” predictor. Smaller values of ReRMSE indicate
better predictive performance.
We observe the performance of different learning algorithms
in terms of the predictive performance (ReRMSE) of the models
learned on each of the 15 data sets. To assess the signiﬁcance
of the differences in performance between different learning
algorithms, we use the corrected (Iman and Davenport, 1980)
Friedman test (Friedman, 1940) and the post-hoc Nemenyi test
(Nemenyi, 1963). This is a standard framework for comparing the
predictive performance of different learning algorithms, superior to
alternative frameworks as argued by Demšar (2006). The Friedman
non-parametric test for multiple hypotheses testing ﬁrst ranks the
algorithms according to their performance (i.e., predictive performance of the trained models) on each combination of train/test
data set, and then averages these ranks across all the data set
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single models. To measure the diversity of the base-models in the
ensemble e, we measure the average pairwise difference of the base
model simulations

Critical Distance = 1.94692

6

5

4

3

2

1

Regular(Average)

Validation(Weighted Median)
Validation(Weighted Average)

Regular(Weighted Average )
Regular(Weighted Median)

Validation(Average)

Fig. 5. Comparison of the average ranks of different combinations of methods for
selecting and methods for combining ensemble constituents in terms of descriptive
performance (ReRMSE on training data) averaged over 15 data sets.

Critical Distance = 0.855543

3

Diversity(e) =

2



1
|e|





2



n
(y
t=0 1,t

− y2,t )2

n

{m1 ,m2 }⊂e

,

(3)

where |e| denotes the number of base-models in the ensemble e, n
the number of measurements in the data set, m1 and m2 two models
from e, and y1,t and y2,t the simulated values of these models at time
point t. To assess the performance improvement of the ensemble e
over a single model m, we calculate
Improvement(e, m) = −

ReRMSE(e) − ReRMSE(m)
,
ReRMSE(m)

(4)

where the model m is learned from the complete training set,
and the base-models from the ensemble e are learned on different bootstrap samples of the training set. We draw a scatter
plot that depicts the correlation between ensemble diversity and
performance improvement and calculate the Pearson Correlation
Coefﬁcient between them.

1

Average
Weighted Median

5. Results

Weighted Average
Fig. 6. Comparison of the average ranks of the three schemes for combining basemodel simulations (Average, Weighted Average, and Weighted Median) in terms of
predictive performance (averaged over 15 data sets). We compare the test errors of
the ensembles with 100 base-models, selected by using a separate validation data
set.

combinations. If the Friedman test indicates a statistically significant difference, we proceed with performing a Nemenyi test to
identify which differences are signiﬁcant.
The Nemenyi test computes the critical distance between the
algorithm ranks at a given level of statistical signiﬁcance (in our
case, we set the signiﬁcance level threshold at 95 % , p = 0.05). Only
differences in the average ranks larger than the critical distance are
considered signiﬁcant; for those we can claim that one algorithm
outperforms (i.e., performs signiﬁcantly better than) the other. The
results of the Friedman–Nemenyi tests are depicted by using average rank diagrams (Figs. 4–7). In these diagrams, we can see the
name of each of the compared algorithms along with its average
rank.
Finally, to test the conjecture that the power of ensembles is
based on the exploitation of the diversity of the ensemble constituents, we measure the diversity of the ensemble constituents
and correlate it to the performance improvement of ensembles over

In this section, we present and discuss the results of the empirical evaluation. We ﬁrst explore some design decisions employed in
the ensemble learning algorithm. We then analyze the improvement of performance obtained by replacing single models with
ensembles and investigate the relation between the diversity of the
ensemble constituents and the performance improvement. Finally,
we visually compare the simulations of ensembles with the simulations of single models on both training and test data.
5.1. Selecting and combining ensemble constituents
One of the important decision when designing an algorithm for
learning ensembles is how to select the models to be included in the
ensemble. The base-line method (labelled regular in the tables and
ﬁgures below) often employed in ensemble learning algorithms, is
to select the models performing best on the bootstrap samples of
the training data on which they were learned. Here, to avoid overﬁtting of the training data, we also consider an alternative method,
labelled validation in the tables and ﬁgures below. We still build
models on different bootstrap samples of the training data, but
we evaluate their performance on a single separate validation set.
In this ﬁrst series of experiments, we construct ensembles of 100
base-models.

Table 5
Comparison of the predictive performance (ReRMSE on test data) of the single model and bagging ensembles that include 5, 10, 25, 50, and 100 base-models on the 15 data
sets. The numbers in bold are the best performance ﬁgures for the given data set.
Case

single model

Ensemble 5

B1
B2
B3
B4
B5
K1
K2
K3
K4
K5
Z1
Z2
Z3
Z4
Z5

1.22
1.14
1.07
0.92
0.92
0.74
2.20
0.96
0.78
0.72
0.78
0.95
0.99
0.94
1.65

1.06
1.24
1.03
0.75
0.87
0.75
1.50
0.86
0.77
0.85
0.77
0.89
0.92
0.99
1.30

Ensemble 10
1.06
1.14
0.99
0.75
0.89
0.73
1.38
0.86
0.76
0.79
0.77
0.94
0.96
0.98
1.11

Ensemble 25
1.07
1.09
0.97
0.76
0.86
0.74
1.43
0.87
0.77
0.73
0.78
0.88
0.93
0.96
1.11

Ensemble 50

Ensemble 100

1.09
1.09
0.97
0.77
0.87
0.74
1.52
0.87
0.78
0.74
0.78
0.87
0.92
0.97
1.22

1.08
1.10
0.97
0.78
0.87
0.73
1.64
0.87
0.78
0.74
0.78
0.88
0.95
0.96
1.32
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Table 6
Diversity of the base-models and the relative improvement of the ensemble error
over the error of the single model (given as percentage) for the ﬁfteen data sets.

Critical Distance = 1.94692

6

5

9

4

3

2

1

SingleModel

Ensemble 25

Ensemble 100

Ensemble 10

Ensemble 5

Ensemble 50

Fig. 7. Comparison of the average ranks of the single model and bagging ensembles that include 5, 10, 25, 50, and 100 base-models in terms of their predictive
performance (ReRMSE on test data) averaged over the ﬁfteen data sets.

Table 3 and Fig. 4 summarize the results of the comparison
between the regular and the validation methods. From the table,
we can see that for all but three data sets (B1, B4 and B5), the selection method based on a separate validation data set outperforms
the regular base-line method. For four data sets (B3 and Z1–Z3),
the use of validation lowered the ensemble ReRMSE below the
value of 1, improving over the base-line “average” predictor. The
Friedman–Nemenyi test (and the corresponding diagram in Fig. 4)
conﬁrms the signiﬁcance of the observed superiority of the validation method: All methods that use validation are ranked better than
those that use the training set, where the best method (validation
used together with the average combining scheme) signiﬁcantly
outperforms the worst method (regular selection used with the
weighted average combining scheme).
Note that we made the implicit conjecture that the regular selection method overﬁts the training data. The results presented in
Table 4 and Fig. 5 conﬁrm the validity of this conjecture. From the
table, we can see that the regular method consistently leads to signiﬁcantly smaller errors on the training data. Together with the
results in Table 3/Fig. 4 these show a clear case of overﬁtting —
while being superior on the training data, regular selection leads to
inferior predictive performance as compared to validation-based
selection.
Taken together, the above results show that the selection
method based on validation is the right choice when learning
ensembles of process-based models.
We next consider the choice of an appropriate method for combining the simulations/predictions of the models in the ensemble.
Here, we choose among the three methods commonly used in
learning ensembles of regression models: average, weighted average, and weighted median (Breiman, 1984; Drucker, 1997). Above,
we considered these in combination with the regular and the validation selection methods: Here, we consider them in combination
with the validation selection method only.
The results of the Friedman–Nemenyi test depicted in Fig. 6
show the lack of signiﬁcant difference among the average ranks
of the three combination schemes. However, the simplest among
them, i.e., the ‘average’ method has also the best rank. Therefore,
despite the lack of signiﬁcant difference, we can make the decision
to use ‘average’ as the most appropriate method for combining the
predictions of the base-models in ensembles of PBMs.
In all the experiment performed so far, we learned ensembles
of 100 base-models. However, the optimal number of base-models
can depend on the type of the base-models in the ensemble. In
the next series of experiments, we aim at identifying an optimal number of base-models to be included in the ensembles of
PBMs for modelling aquatic ecosystems. To this end, we compare the predictive performance of ensembles consisting of 5,
10, 25, 50, and 100 models (learned on bootstrap samples) with

Case

Diversity

Relative improvement (%)

B1
B2
B3
B4
B5
K1
K2
K3
K4
K5
Z1
Z2
Z3
Z4
Z5

0.354
0.561
0.230
0.617
0.270
1.010
1.030
0.543
0.598
0.605
0.089
0.234
0.223
0.125
0.285

12.27
4.48
9.24
17.45
6.81
1.04
35.06
9.45
1.02
−1.53
0.69
7.23
5.72
−2.33
32.69

Pearson r

–

0.274

the performance of a single model (learned on the complete data
set).
Table 5 and Fig. 7 summarize the results of these experiments.
Comparing the predictive performance of thr different ensembles,
we can see that for eight (out of ﬁfteen) data sets, the ensemble
of 10 base-models performs best, followed by the ensemble of 25
base-models, performing best for ﬁve data sets. The corresponding
Friedman–Nemenyi diagram shows that the ensemble of 25 basemodels is ranked best among all the ensembles. Note, however, that
the critical distance on the same diagram shows that there is no
signiﬁcant difference in performance between any pair of ensembles with different numbers of constituents. Despite the lack of a
signiﬁcant difference, we are going to choose the ensembles with
25 base-models, which are ranked best, to be the subject of the
further experiments.
When it comes to comparing the performance of the ensembles
to that of a single model, the Friedman–Nemenyi test shows that the
ensembles consisting of 10 and 25 models signiﬁcantly outperform
the single models. The tabular comparison of the predictive performance (Table 5) shows that, for all but two data sets (K5 and Z4), a
single model performs worse than an ensemble. However, for these
two data sets, the difference in the performance between the single
model and an ensemble of 25 base-models is almost imperceptible.
These results clearly conﬁrm the central hypothesis of this paper
that the ensembles of PBMs signiﬁcantly outperform a single PBM
model. The optimal design choices to be used for learning ensembles are as follows: perform 25 iterations, in each of them select
the best model with respect to the error measured on a separate
validation set, and combine the ensemble constituents using the
average combining scheme.
5.2. Ensemble diversity and performance improvement
The experimental results presented above show that ensembles
of PBMs outperform single PBM models. Here, we further analyze
the improvement and its relation to the diversity of the simulations of the ensemble constituents. To this end, we ﬁrst measure
the relative improvement of the performance obtained by using an
ensemble as compared to using a single model. Then, we measure
the diversity of base-models in the ensemble. Finally, we analyze
the correlation between the two.
Table 6 and Fig. 8 summarize the results of these experiment.
First, Table 6 conﬁrm our previous ﬁnding: ensembles outperform
single models in all but two data sets (K5 and Z4). Note that the loss
of performance of the ensemble is minor (below 3%) for these two
data sets. On the other hand, the gain in performance (performance
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improvement) can be substantial and reach up to 17% for Lake Bled
(B4), 35% for Lake Kasumigaura (K2) and 33% for Lake Zurich (Z5).
Furthermore, we observe a varying degree of diversity between
ensemble constituents for different data sets – diversity varies from
0.125 to 1.030. The scatter plot in Fig. 8 shows weak positive correlation between ensemble diversity and relative improvement
of performance. The measured Pearson correlation coefﬁcient of
0.274 is certainly neither high nor signiﬁcant. Still, the positive
correlation is in line with the ensemble literature assumption that
ensembles perform well by exploiting the diversity of their constituents (Kuncheva and Whitaker, 2003).
5.3. Simulating ensembles
Finally, in the last series of experiments, we visually inspect the
difference between the simulations of ensembles and simulation
of single models. We selected one data set for each of the three
aquatic ecosystems considered in the experiments and simulated
the ensemble and the single model on both training and test data.
The simulation on test data is in line with the predictive modelling
setting used throughout the experiments presented in this paper.
The simulation on the training data is in line with the previous
work on building descriptive models of aquatic ecosystems, where
only the performance on training data is considered (Čerepnalkoski
et al., 2012; Taškova et al., 2012; Atanasova et al., 2006c).
In Fig. 9, we present the simulations of ensembles and single
models in both the predictive (graphs on the left-hand side) and
the descriptive scenario (graphs on right-hand side), for each of
the three lakes. The ﬁrst row presents the simulations for Lake
Bled, the second for Lake Kasumigaura and the last for Lake Zurich.
The visual comparison conﬁrms the superiority of the ensembles in
the predictive scenario. Note that only ensembles lead to acceptable reconstruction of the population dynamics for the test data
sets. But more importantly, given the nature of the ensembles
(that avoid overﬁtting), they do not seem to have lower descriptive performance; they still capture the population dynamics of
the phytoplankton on training data. Thus, we can conclude that

Fig. 8. Scatter plot depicting the correlation between the diversity of the base-model
predictions and the relative improvement of error between an ensemble and a single
model for the 15 data sets.

the ensembles can be applied in both predictive and descriptive
scenarios.
One interesting case is Lake Zurich (Fig. 9e and f), where despite
the high relative error (above 1), we can see that the ensemble accurately captures the phytoplankton dynamics with a slight phase
shift.
5.4. Summary
We can summarize the results of our experiments as follows.
When learning ensembles of PBMs, one should use a separate validation data set in addition to the training one when learning the
base-models included in the ensemble. For combining the simulation of constituent process-based models, one should use the
simplest combining scheme, i.e., averaging. The optimal ensembles
of PBMs consist of a relatively low number of constituent models,
ranging between 10 and 25.
Furthermore, the ensembles of 25 base-models selected using
a validation data set and combined with the average combining scheme signiﬁcantly outperform single models of population
dynamics in aquatic ecosystems. The improvement of performance
between an ensemble and a single model is positively related to the
diversity of the ensemble constituents – the higher the diversity,
the greater the improvement. However, the correlation between
the diversity and the performance gain is weak, as a consequence
of the modest diversity between the base-models. Finally, the simulations show that ensembles are applicable for both predictive
modelling tasks, where prediction of the future system behaviour
(test data error estimates) is of central interest, as well as descriptive modelling tasks, where the focus is on explaining the observed
behaviour (training data error estimates).
6. Discussion
In this section, we discuss the method we propose and its results,
and put them in the context of related work.
The work presented in this paper follows two different lines
of research. First, it extends the state-of-the-art in the paradigm
of equation discovery. More speciﬁcally, we build upon previous methods for learning process-based models, that have proven
successful for automated modelling of population dynamics in a
number of aquatic ecosystems (Todorovski and Džeroski, 2007;
Čerepnalkoski et al., 2012; Bridewell et al., 2008). Second, it follows the basic principles of ensemble learning, and translates them
into a methodology for modelling dynamic systems. Our work
is closely related to that of Bridewell et al. (2005), where the
authors use ensemble methods to establish better descriptive models by tackling the over-ﬁtting problem. Their approach is based on
integrating the model structures of ensemble constituents into a
single model. This model still provides a process-based explanation of the observed system structure, while being more robust in
terms of over-ﬁtting observed data. The evaluation of overﬁtting
is performed by a variant of the general cross-validation method,
where samples of data are kept out of the training set and are
used to estimate the model error. While this method provides
estimates of model error on unseen data, these estimates are not
related to the predictive performance of the model, i.e., its ability to
predict future system behaviour beyond the time-period captured
in training data.
The studies of Whigham and Recknagel (2001) and Cao et al.
(2008) are also related to our work, as they use differential equations to model the dynamics of lake ecosystems. However, they
start from a modelling assumption that includes a ﬁxed structure
of model equations and employ genetic algorithms to estimate the
values of the model parameters. While Whigham and Recknagel
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Fig. 9. Simulations of single models and ensembles compared to the measured data, for three pairs of test and training data sets.

(2001) also consider the use of genetic programming to explore
a number of different model structures, the obtained equations
are not cast in the form of process-based models and therefore do
not provide insight into the processes and entities that govern the
dynamics of the observed systems.

Muttil and Chau (2006) also use genetic programming and artiﬁcial neural networks to model algal blooms in coastal marine
ecosystems. While their aim is similar to ours, i.e., to obtain predictive models of algal biomass dynamics, they focus exclusively
on black-box models of population dynamics. The models they
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consider are based on equations and neural networks and fail to
provide insight into the structure of the observed system. They
also consider a different time scale for predicting the future system
behaviour: While we focus in our experiments on a whole-year prediction the population dynamics, Muttil and Chau (2006) use their
models for making one-week-ahead predictions of algal blooms.
The ensemble method proposed in this paper aims at improving the generalization power of process-based models, in terms
of achieving predictive performance gain over the state-of-theart process-based modelling approaches. However, when learning
ensembles of process-based models, there is a trade-off between
two conﬂicting requirements: predictive performance and interpretability. The increase of predictive accuracy comes at the cost
of losing the interpretability of the learned ensemble model.
Moreover, Breiman (1996a) states that bagging can improve
the predictive performance when the ensemble is comprised of
unstable base-models, such as decision trees, whose predictions
sufﬁciently vary with small variations in the training set. In this
case, high diversity of the ensemble constituents can be easily
achieved. Our empirical evaluation shows that the ensemble constituents have only modest diversity: This may limit the potential
for performance gain, even though the diversity is only weakly
correlated with predictive performance.
7. Conclusion
7.1. Summary
In this paper, we address the task of learning ensembles of
process-based models of dynamic systems and develop a methodology to solve it. Note that the task of learning ensembles of
process-based models is a novel task, and has not been considered
so far. For this purpose, we extend the state-of-the-art approaches
to process-based modelling: We take the notion of ensembles –
a collection of base-models, whose predictions are combined to
improve the collective performance. In traditional machine learning, this has proved to be an effective method for gaining predictive
power.
More speciﬁcally, we propose a methodology that adapts the
key design principles from learning ensembles for classical machine
learning tasks to tasks of modelling dynamic systems. Our approach
constructs homogeneous ensembles of process-based models,
using bagging as an underlying ensemble method. We identify
the main components of the method for learning an ensemble of
PBMs (a technique for learning a set of candidate base-models, a
technique for selecting the base-models, and a combining scheme
specifying how the base-model predictions are combined) and the
related design choices.
We conduct an extensive experimental evaluation to identify
the appropriate design choices for the proposed ensemble learning method and to test its utility for modelling dynamic systems.
We analyze the improvement of performance obtained by ensembles relative to single models on 15 different data sets. Moreover,
we investigate the relation between the diversity of the ensemble
constituents and the performance improvement. Finally, we visually compare the simulations of ensembles with the simulations of
single models in both descriptive and predictive scenarios.
We conduct the empirical evaluation on the task of modelling population dynamics in aquatic ecosystems. The case studies
considered concern modelling phytoplankton growth, a complex
non-linear dynamic process, in three different aquatic ecosystem
domains. These include: Lake Bled in Slovenia, Lake Kasumigaura
in Japan and Lake Zurich in Switzerland.
The results of the empirical evaluation conﬁrm our central
hypothesis. For predictive modelling tasks, ensembles of processbased models perform better than a single model. More precisely,

ensembles with a relatively low number of constituents (10–25),
chosen on a separate validation data set and combined by averaging, outperform the single model. Moreover, the diversity of the
constituents in the ensemble is positively (weakly) correlated with
the performance improvement. Finally, after visual inspection of
the simulations, we found that the ensembles are applicable to both
predictive and descriptive modelling tasks.
7.2. Future work
We have identiﬁed a number of limitations of our approach
that can be addressed in further work. First, the diversity of
the ensemble constituents is modest. One reason for this might
be the fact that we use a library with a limited number of
modelling alternatives. An extended library of domain-speciﬁc
knowledge should be used in future experiments in order to reach
higher diversity and further study the relation between the diversity and predictive performance in ensembles of process-based
models.
Future work can also include the development of alternative
methods for data and knowledge sampling that would lead to
higher diversity. These include sampling the data variables (in addition to sampling the data instances considered in this paper) and
sampling the alternative modelling choices included in the library
of domain-speciﬁc modelling knowledge. While we limited our
focus in this paper on adapting the method of bagging, further
work should adapt other ensemble methods to the task of learning process-based models: Methods to be adapted include boosting
(Drucker, 1997; Freund, 1999; Schapire, 2003) and random subspaces (Ho, 1998).
Finally, the experiments performed in this paper were limited to modelling population dynamics in lake ecosystems from
historical data. Future experiments can be based on more recent
data of the same ecosystems. Also, future work should conﬁrm
the results presented in this paper by learning ensembles of
process-based models of population dynamics in other aquatic
environments, such as marine ecosystems or water-treatments
plants (Škerjanec et al., 2014). Other application domains (such
as systems neuroscience and systems biology) should also be
considered.
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