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a  b  s  t  r  a  c  t

Parameter  estimation  in dynamic  models  of  ecosystems  is  essentially  an optimization  task.  Due  to  the
characteristics  of  ecosystems  and  typical  models  thereof,  such  as non-linearity,  high  dimensionality,
and  low  quantity  and  quality  of observed  data,  this  optimization  task  can  be  very hard  for  traditional
(derivative-based  or local)  optimization  methods.  This  calls  for the  use  of  advanced  meta-heuristic
approaches,  such  as evolutionary  or swarm-based  methods.

In this  paper,  we conduct  an  empirical  comparison  of  four meta-heuristic  optimization  methods,  and
one  local  optimization  method  as  a baseline,  on  a representative  task  of parameter  estimation  in a nonlin-
ear dynamic  model  of an  aquatic  ecosystem.  The  five  methods  compared  are the differential  ant-stigmergy
algorithm  (DASA)  and  its  continuous  variant  (CDASA),  particle  swarm  optimization  (PSO),  differential
evolution  (DE)  and  algorithm  717  (A717).  We  use  synthetic  data,  both  without  and  with  different  lev-
els  of noise,  as  well  as real  measurements  from  Lake  Bled.  We  also  consider  two  different  simulation
approaches:  teacher  forcing,  which  makes  supervised  predictions  one  (small)  time step  ahead,  and  full
(multistep)  simulation,  which  makes  predictions  based  on  the history  predictions  for  longer  time  periods.
The  meta-heuristic  global  optimization  methods  for  parameter  estimation  are  clearly  superior  and
should  be  preferred  over local  optimization  methods.  While  the  differences  in  performance  between  the
different methods  within  the  class  of meta-heuristics  are  not  significant  across  all conditions,  differential
evolution  yields  the  best  results  in terms  of  quality  of the reconstructed  system  dynamics  as well  as  speed
of convergence.  While  the  use of  teacher  forcing  simulation  makes  parameter  estimation  much  faster,

 prod
the  use  of full  simulation

. Introduction

Parameter estimation, also known as parameter fitting, model
alibration or the inverse problem, is a key step in the mathemat-
cal modeling of dynamic systems from measured data (Janssen
nd Heuberger, 1995). Given a model structure and measured
ata, its goal is to estimate the model parameters in order to
inimize the distance between the measurements and model pre-

ictions. Essentially, parameter estimation is an optimization task,
hat for the complex dynamics of ecological models can turn into

 hard problem for traditional (derivative-based or local) opti-

ization methods, calling for the use of advanced meta-heuristic

pproaches, such as evolutionary or swarm intelligence meth-
ds. Typically, ecosystem models are nonlinear and have many

∗ Corresponding author.
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uces  much  better  parameter  estimates  from  real  measured  data.
© 2011 Elsevier B.V. All rights reserved.

parameters, the measurements are sparse and imperfect due to
noise, and the studied system can often be only partially observed.
All of these constraints can lead to identifiability problems, i.e.,
the inability to uniquely identify the unknown model parame-
ters, making parameter estimation an even harder optimization
task (Marsili-Libelli, 1992; Omlin and Reichert, 1999; Marsili-Libelli
et al., 2003).

There are two broad classes of approaches to the parameter
estimation task: frequentist (“classical”) and Bayesian (probabilistic)
estimation (Rice, 2007; Samaniego, 2010). The most representative
approach of the first class is the maximum-likelihood estimation,
according to which the most likely parameter values are the ones
that maximize the probability (likelihood) of observing the given
data. A special case of maximum-likelihood estimation, based on
the assumption of independent and normally distributed errors

in the experimental data, leads to the well known least-squares
estimation.

For maximum-likelihood estimation, we  do not need any extrin-
sic information about the parameters. In contrast, the Bayesian

dx.doi.org/10.1016/j.ecolmodel.2011.11.029
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stimation approach treats the parameters to be estimated as
andom variables with a prior distribution: this distribution rep-
esents the knowledge about the parameter values before taking
he data into account. Both approaches have shown benefits for
pecific applications across different domains, e.g., while Bayesian
pproaches explicitly treat the uncertainty of a parameter value
y providing as a result its distribution rather than a single point
stimate, frequentist approaches can be used for high-dimensional
odels. Note, however, that we cannot argue in favor of one class

f approaches against the other in a general manner (Samaniego,
010).

Related work in the domain of ecological modeling includes
umerous applications involving representative methods from
oth classes. For probabilistic parameter estimation, we  refer the
eader to the work by Omlin and Reichert (1999), Dowd and Mayer
2003), Qian et al. (2003),  and Jones et al. (2010).  Here, we  will
ocus on the parameter estimation task from the frequentist point
f view, using least-squares estimation.

Classical approaches used for parameter estimation in ecological
odels include local optimization methods, such as derivative-

ased methods (e.g., the quasi-Newton method used for calibration
f a phytoplankton model in the work by Mocenni et al. (2008)) and
irect-search methods (e.g., parameter estimation of well-known
cological models with a flexible method based on polyhedron
earch by Marsili-Libelli (1992).  These methods converge very fast
o the optimum, if the search is started from a good initial point
in a close neighborhood of the optimum). However, they can only
uarantee local convergence, as they do not have a mechanism to
scape from a local optimum.

Derivative-based methods use the derivatives of the objective
unction (which is optimized), while the direct-search methods are
erivative-free, which makes them generally easy to apply. The
roblem with the first is that they can fail if the objective function is
iscontinuous (as well as for discontinuous derivatives of the objec-
ive function), non-smooth, multi-modal or ill-conditioned, while
he disadvantage of the second is that they become less efficient
or high-dimensional problems. Therefore, it is recommended to
se global optimization approaches that are more robust regarding
he dimensionality and the landscape characteristics of the search
pace.

One general classification of global optimization approaches is
nto deterministic (exact) and stochastic (probabilistic). The deter-

inistic methods (e.g., branch and bound, interior-point, cutting
lanes, etc.; see Horst et al., 1995; Horst and Tuy, 1996) can locate
he global optima and assure their optimality, but there is no guar-
ntee that they can solve any type of global optimization problem
n finite time. Stochastic methods, on the other hand, rely on prob-
bilistic search rules to find good solutions (Törn et al., 1999). They
an locate the neighborhood of the global optima relatively fast,
ut their efficiency comes at the cost of global optimality (which
annot be guaranteed) and computational effort.

In the last two decades, special attention has been paid to
eta-heuristics: these are general-purpose algorithms that can

nd acceptable solutions in reasonable time in both complex and
arge search domains. Most meta-heuristics are inspired by natural
rocesses such as evolution (e.g., evolutionary algorithms (Fogel,
000)), social behavior of biological organisms (e.g., ant colony opti-
ization (Dorigo and Stützle, 2004), particle swarm optimization

Kennedy and Eberhart, 1995)), and controlled cooling associated
ith physical process (e.g., simulated annealing (Kirkpatrick et al.,

983)).
Methods from both classes are used for parameter estimation of
cological and environmental models, with evident interest espe-
ially in the recent research on meta-heuristic optimization. An
xample application of a deterministic approach is the parame-
er estimation of a groundwater model with Lipschitzian global
odelling 226 (2012) 36– 61 37

optimization (Russell Finley et al., 1998). There are numerous appli-
cations of genetic algorithms, e.g., calibration of water quality
models (Mulligan and Brown, 1998), calibration of phytoplankton
dynamics for lake Kasumigaura in Japan (Whigham and Recknagel,
2001), and calibration of an ecosystem model of lake Kinneret in
Israel (Gilboa et al., 2009). There are also some applications of
genetic programming to the calibration of lake ecosystems mod-
els (Cao et al., 2008). Particle swarm optimization has been used
for the calibration of water quality models (Afshar et al., in press).
Simulated annealing has been applied to the calibration of marine
ecosystem models (Matear, 1995). Some comparisons of global
optimization methods have been also performed in this context,
e.g., calibration of an oceanic biogeochemical model (Athias et al.,
2000) and calibration of a hydrological model (Zhang et al., 2009).

Here we address the task of parameter estimation in an eco-
logical model of Lake Bled in Slovenia. So far, Lake Bled has
been modeled using simple theoretical models (Rismal et al.,
1997), machine learning approaches (Kompare et al., 1997),
and automated discovery of the structure and parameters of a
model of its dynamics (Atanasova et al., 2006). The considered
modeling approaches indicate that Lake Bled is a complex ecosys-
tem requiring appropriate models for describing its behavior.
The model structure we consider was  discovered in a previous
study (Atanasova et al., 2006) with the automated modeling tool
LAGRAMGE 2.0 (Todorovski and Džeroski, 2006) from measured
data. The model includes three ordinary differential equations
(ODEs) for three ecological variables, i.e., dissolved phosphorus,
total phytoplankton concentration, and the concentration of a zoo-
plankton species Daphnia hyalina, that describe the dynamics of
the food web in Lake Bled. The model was calibrated with a limited
amount of measured data. Due to the ecosystem’s complexity, the
estimated parameters explain the calibration data well, but fail to
provide accurate predictions for unseen data.

One of the reasons for the low quality of system dynamics recon-
struction by the model at hand is the use of a local optimization
method for parameter estimation. Namely, LAGRAMGE 2.0 uses the
derivative-based local search algorithm 717 (Bunch et al., 1993).
Moreover, LAGRAMGE 2.0 simulates the considered ODE models
using the so-called teacher forcing simulation (derived from the
teacher forcing approach for training neural networks, as intro-
duced by Williams and Zisper (1989)). Teacher forcing simulation
uses the measured values of the system variables at a given time
point to calculate the system response at the next time point, unlike
full numerical ODE integration (based on the one-step Runge-
Kutta or advanced methods, such as multistep predictor-corrector
adaptive-step integrators), where only the initial values of the sys-
tem variables are needed for the model simulation over longer
periods of time.

To improve the quality of the reconstructed system dynamics
and to facilitate the automated discovery of appropriate model
structures, we  propose to use meta-heuristic methods for param-
eter estimation in the ecological model at hand. In this context,
our study includes an experimental comparison of four meta-
heuristic optimization methods: the differential ant-stigmergy
algorithm, a recently developed meta-heuristic method for global
optimization (Korošec, 2006; Korošec et al., in press) inspired by
the pheromone-based communication of ants; its conceptual sib-
ling, the continuous differential ant-stigmergy algorithm (Korošec,
and Šilc, 2011); particle swarm optimization, another bio-inspired
meta-heuristic based on the idea of swarm intelligences (Kennedy
and Eberhart, 1995); and differential evolution, a well-known
meta-heuristic method for global optimization based on the con-

cept of natural evolution (Storn and Price, 1995, 1997). These
are used to address the task of parameter estimation in the food
web model of Lake Bled in the context of the least-squares esti-
mation framework. Their performance in terms of the quality of
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econstructed system dynamics and the convergence speed is com-
ared to the performance of algorithm 717 chosen as a baseline
ethod. The evaluation also includes experiments with the two

imulation approaches, teacher forcing and full simulation, as well
s estimation from synthetic (noise-free and noisy, with different
evels of noise) and real measured data. Finally, it includes an inves-
igation of the practical identifiability of the model parameters.

The remainder of this paper is organized as follows. Section
 defines the task of parameter estimation in ODE models and
escribes the two approaches for simulation of ODE models. Section

 describes the food web model of Lake Bled and the data used
or the estimation of the model parameters. Section 4 gives a brief
escription of the five optimization methods used for the param-
ters estimation task at hand, and the procedure for assessing
he practical identifiability of the model parameters. In addition,
t describes the experimental setup and the metrics used for the
omparison of the optimization methods. Section 5 presents and
iscusses the results of the experimental evaluation. Finally, the
onclusions and possible directions for further work are summa-
ized in Section 6.

. Parameter estimation in ODE models

The task of parameter estimation in ODE models can be for-
alized as follows. Given a model structure m(c) describing a real

bservable system, which includes a set of adjustable parameters
 = {c1, . . .,  cD}, and a set of observed data d, the task is to find the
ptimal values copt of c that lead to a model that reproduces the
bserved data d in the best possible way. Parameter estimation
s usually approached as an optimization task of minimizing an
bjective function that measures the goodness of fit of the model
imulation to the observed data.

.1. Nonlinear least-squares estimation

Among the different suggested objective functions measuring
he goodness of fit, the maximum-likelihood estimator introduced
y R.A. Fisher in 1912, maximizes the probability of observing the
iven data d if the model m(copt) is chosen. The likelihood function
epends on the probability of the measurements in d. Assuming
hat the measurements follow independent normal distribu-
ions with constant (unknown) variance, the maximum-likelihood
arameter estimation maps into a nonlinear least-squares estima-
ion of the parameters, which minimizes the sum of squared errors
etween the observed values and values predicted by the model.
ue to its intuitive appeal and simplicity, least-squares estimation

s commonly used for parameter estimation in nonlinear models.
The most general form of least-squares estimation is known as

eighted least-squares estimation. The estimator includes posi-
ive real-valued weighting coefficients wij , that express the relative
onfidence in the experimental data, i.e., the importance of the ith
easured output at the jth measurement time point for the model

erformance (Eq. (1)).

SE(m(c)) =
M∑

i=1

N∑
j=1

wij(Yi[j] − Ŷi[j])
2 (1)

ere the observed data are defined as d = {Yi[j], 1 ≤ i ≤ M,  1 ≤ j ≤ N},
here Yi[j] is the value of the ith measured output at the jth time
oint, M is the number of measured outputs, N is the number of
amples per observed output, and Ŷi[j] is the value of the ith output
t the jth time point, as predicted by the model m(c).
SE(m(c)) =
M∑

i=1

N∑
j=1

(
Yi[j] − Ŷi[j]

Yi[j]

)2

(2)
odelling 226 (2012) 36– 61

In our work, we  chose the weighting coefficients to be wij =
Yi[j]

−2, provided Yi[j] /= 0, which makes the error relative and
improves the fit of small system output values (Eq. (2)). This choice
is justified especially in the case of simultaneous fitting of system
outputs with amplitudes of different magnitudes. This is the case
with the food web  dynamics in Lake Bled, which we  will consider
as a case study.

2.2. ODE models and simulation

A model based on ODEs defines the temporal changes of a set of
system variables S as a function of the endogenous (also referred to as
system) variables S and exogenous variables E. Thus, E are observed
variables on which the model depends and appear on the right-
hand side of the ODEs only, while S are dependent variables, the
behavior of which is being modeled, and appear both on the left-
hand side and the right-hand side of the ODEs. Then the ODE model
of the observed system takes the form

d

dt
S = F (S(t), E(t), c) (3)

where t represents time, (d/dt)S represent the time derivatives of
the system variables S, F asserts the structure of the ODEs, and c
is the set of model parameters. Such an ODE model, given the val-
ues of S at the initial time point t0, S(t0) and E(t) on the observed
time interval [t0, tN−1], can be simulated to obtain the values of the
system variables S in the time interval (t0, tN−1].

Note that the ODE model captures the behavior of the sys-
tem variables S, which do not directly correspond to the output
(observed) variables Y. In general, the output Y of the ODE model at
a time point t is modeled as

Ŷ(t) = G(S(t), E(t)) (4)

where in the most general case G can be an arbitrary non-linear
function of the system and exogenous variables.

In the simplest observation scenario, the values of all the system
variables are directly observed (measured), i.e., Ŷ = S. While this is
the case with the specific food web  model for Lake Bled considered
here, this is more of an exception than a rule: in most real-world
cases in ecology, we cannot observe the values of all the system
variables directly. This is mostly due to the physical limitations of
the measurement methodology.

Given an ODE model that involves a set of parameters c, the
evaluation of the objective function is not trivial, as it requires
a previous calculation of the values of the system variables. In
order to find S(t) and, in turn, Ŷ(t), one has to integrate the ODE
model, unless special strategies are used to avoid the integration.
An analytical solution for the complex nonlinear ODE integration
problems does not exist in general and one has to apply numerical
approximation methods for ODE integration. This may  be a very
time consuming procedure, especially for stiff ODE models, mak-
ing the whole parameter estimation problem quite expensive and
complicated (Chou and Voit, 2009). In this context, we consider two
approaches for numerical integration, teacher-forcing simulation
and full simulation.

The first approach considered is the so-called teacher forcing
simulation (TF). It is inspired by the teacher forcing approach intro-
duced by Williams and Zisper (1989) for training neural networks.
It uses the measured values of the system variables at a given time

point as initial values for the calculation of the system response
at the next time point: this defines some kind of supervised sim-
ulation of the system. Consequently, teacher forcing simulation is
possible only in the case when all system variables are observable
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measured). The specific TF implementation that we use is based
n the trapezoidal approximation and can be described as follows:

Ŝ[ti] = Ŝ[ti−1] + �F[ti] · �ti

2
,

�F[ti] = F(S[ti], E[ti], c) − F(S[ti−1], E[ti−1]c),

�ti = ti − ti−1,

i ∈ [1,  N],

(5)

here Ŝ[ti] is the value of the simulated system variables at the
th time point, given the F function that defines the changes in the
ystem variables (introduced in Eq. (3))  and the simulated value of
he system variables at (i − 1)th time point (Ŝ[ti−1]), as well as the
bserved values of the system variables (S[ti] and S[ti−1]) along with
he observed values of the exogenous variables (E[ti] and E[ti−1]) at
he ith and (i − 1)th time point, respectively.

The second one, which we refer to as full simulation (FS), is a stan-
ard approach for solving the initial value problem (Gershenfeld,
999), which needs only the initial values of the system variables.
he system is simulated using the ODEs to calculate the change of
he system variables at each time step and the value of the sys-
em variables from the previous iteration (one-step) or previous
terations (multistep) as initial value for the estimation of the ones
t the next time step. Full simulation in our experimental evalu-
tion was performed with the CVODE package, a general-purpose
DE solver that uses linear multistep variable-coefficient meth-
ds, i.e., Adams–Moulton and backward differentiation method for
ntegration (Cohen and Hindmarsh, 1996).

. Case study: Lake Bled

This work addresses the task of parameter estimation in a prac-
ically relevant food web model describing the dynamics of three
tate variables, i.e., phosphorus, phytoplankton and the zooplank-
on species D. hyalina in the aquatic ecosystem of Lake Bled. The
pecific model structure used here was obtained in a previous
tudy. The model as a whole was induced from data about Lake Bled
easured in the period from January 1996 to December 1996 using

he automated modeling tool LAGRAMGE 2.0 (Atanasova et al.,
006).

.1. Food web model

Lake Bled is a typical subalpine lake of glacial-tectonic origin. It
ccupies an area of 1.4 km2 with a maximum depth of 30.1 m and
n average depth of 17.9 m The lake is naturally divided into two
asins (eastern and western) with quite different characteristics
nd dynamics. The model described here refers to the upper layer of
he eastern basin, i.e., epilimnion, and no communication with the
ower (hypolimnion) layer was taken into account. The epilimnion
ayer is 10 m deep and has a volume of 7 × 106 m3. Further details
oncerning the model’s assumptions are given by Atanasova et al.
2006).

Conceptually, the food web is modeled as follows. Phosphorus,
he predominantly limiting nutrient for phytoplankton growth in
his lake, enters the system with the inflow from three major rivers
nd leaves the lake with the outflow. In the lake, phosphorous is
aken up by phytoplankton for its growth. Loss of phytoplankton
iomass is due to the processes of respiration, sedimentation and
razing by the zooplankton species D. hyalina. D. hyalina biomass
ncreases due to grazing on phytoplankton and decreases due to

espiration and natural mortality. Through the respiration pro-
esses of phytoplankton and D. hyalina, inorganic phosphorus is
eleased to the water column, entering again the food-web. The
onceptual diagram of the food web model is presented in Fig. 1.
odelling 226 (2012) 36– 61 39

The conceptual model from Fig. 1 is mathematically formulated
with three ODEs (Eqs. (6–8)), one for each state variable, i.e., solu-
ble phosphorus (ps), phytoplankton (phyto), and D. hyalina (daph).
Each equation is composed of several terms, representing a math-
ematical formulation of the ecological processes. The first equation
captures the phosphorus dynamics: it includes the inflow and out-
flow of soluble phosphorus, phytoplankton respiration (i.e., release
of phosphorus due to phytoplankton respiration), D. hyalina respi-
ration (i.e., release of phosphorus due to D. hyalina respiration), and
growth of phytoplankton (i.e., consumption of phosphorus due to
phytoplankton growth). The second equation, modeling the phy-
toplankton dynamics, includes contributions influences from four
processes: phytoplankton growth, respiration and sedimentation,
as well as grazing of D. hyalina on phytoplankton. Finally, the third
equation aggregates the influences of three processes on D. hyalina,
i.e., grazing (growth of D. hyalina due to grazing on phytoplankton),
respiration and mortality of D. hyalina.

d(ps)
dt

= inflow − outflow + c1 · respiration phyto

+ c3 · respiration daph − c5 · growth phyto (6)

d(phyto)
dt

= growth phyto − respiration phyto

− sedimentation − grazing daph (7)

d(daph)
dt

= c12 · grazing daph − respiration daph

− mortality daph (8)

Eqs. (9)–(16) present the mathematical formulations of the
ecological processes. The variables in the model are listed and
described in Table 1, while the model parameters and their descrip-
tions are given in Table 2. Note that in the equations describing the
ecological processes, H and V are constants that denote the depth
and the volume of the modeled part of the lake (epilimnion of the
eastern basin).

The processes of the inflow and the outflow of the nutrient (Eqs.
(9) and (10)) into/from the lake are formulated simply by dividing
the nutrient load from each contributing river, which equals to the
product between the phosphorus concentration in the river and the
flow rate of the river, and the volume of the modeled part of the
lake.

The phytoplankton respiration process (Eq. (11)) is formulated
to have temperature influenced second order kinetics, while the
process of D. hyalina respiration (Eq. (12)) has temperature influ-
enced first order kinetics. The growth of phytoplankton (Eq. (13)) is
formulated as an exponential function, limited by the temperature,
light, and the nutrient concentration. Furthermore, the nutrient
limitation is modeled by a Monod kinetics, light limitation by a
photo-inhibition curve (Steele, 1965) and temperature influence
by a linear response curve. Due to the process of sedimentation,
removal of phytoplankton from the water column is modeled by
first order temperature influenced kinetics (Eq. (14)).

The process (Eq. (15)) of grazing of D. hyalina (as filter feeders) is
formulated using the filtration rate coefficient, a linear temperature
response curve and an exponential term for food (phytoplankton)
limitation on D. hyalina growth. The mortality of D. hyalina is the
closure term in the model, represented by Eq. (16). It is modeled
with a more complex expression, i.e., a hyperbolic function, to
account for predatory mortality as well.
inflow = psk · qk + psm · qm + psr · qr

V
(9)

outflow = ps · qj + ps · qn

V
(10)
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inflow

phytoplankton
(phyto)

soluble phosporus
(ps)

Daphnia hyalina
(daph)

temperature
(temp)

light

outflow

mortality_daph

grazing_daph

growth_phyto

respiration_daph

respiration_phyto

sedim
entation

Fig. 1. A conceptual diagram of the Lake Bled model (Atanasova et al., 2006). The system (endogenous) variables are represented with boxes, while the influence of the
driving  forces of the system (exogenous variables) are represented with tick white arrows. Finally, the thin black arrows represent the processes responsible for the system
dynamics.

Table  1
Measured data about Lake Bled used for model induction. The table lists the system (endogenous) variables together with the independent (exogenous) variables of the
model,  all of which are experimentally measured. The table includes information about the used notation, the variables’ physical meaning, the measurement frequency and
the  corresponding units.

Variable name Type Description Units Measurement frequency

qk Exogenous Inflow to the lake, river Krivica m3/day Daily
qm Exogenous Inflow to the lake, torrent Mišca m3/day Daily
qr Exogenous Inflow to the lake, creek Radovna m3/day Daily
qj Exogenous Outflow (at surface), river Jezernica m3/day Daily
qn Exogenous Outflow (syphon) m3/day Daily
psk , psm , psr Exogenous Soluble phosphorus concentration in the inflows mg/l Monthly
temp Exogenous Water temperature ◦C Monthly
light Exogenous Calculated underwater light J/(cm2 day) Monthly
ps  Endogenous Soluble phosphate concentration in the lake mg/l Monthly
phyto  Endogenous Phytoplankton biomass concentration in the lake mg/la Monthly
daph  Endogenous Zooplankton (D. hyalina) concentration in the lake mg/la Monthly

a mg  of dry weight boiomass per liter volumen.

Table 2
Model parameters: the table summarizes the used notation, physical meaning and ranges of values for the 23 model parameters. It also includes the reference set of parameter
values  used for the generation of synthetic data.

ID Name Unit Lower bound Upper bound Reference value

c1 Phosphorous release during the respiration process of phytoplankton – 0.001 1 0.0023
c2 Phytoplankton respiration rate 1/day 0.009 0.15 0.072
c3 Phosphorous release during the respiration process of D. hyalina – 0.001 1 0.07
c4 D. hyalina respiration rate 1/day 0.001 1.5 0.0026
c5 Conversion factor between phytoplankton and phosphorus – 0.001 1 0.0023
c6 Phytoplankton maximal growth rate 1/day 0.05 3 0.21
c7 Half-saturation constant for phosphorus mg/l 0 5 0.00042
c8 Sedimentation rate m/day 0.1 0.9 0.5
c9 D. hyalina filtration rate l/(mg day) 0.01 5 0.5
c10 Half-saturation constant for phytoplankton mg/l 0.001 3 0.58
c11 Fraction of phytoplankton consumed by D. hyalina – 0.001 1 0.56
c12 D. hyalina assimilation coefficient – 0.01 1 0.14
c13 D. hyalina mortality rate 1/day 0.001 1.5 0.01
c14 Coefficient in the hyperbolic term of the D. hyalina mortality process – 0.0001 1.5 0.001
c15 Minimal temperature in the phytoplankton respiration process ◦C 2 4 3
c16 Maximal temperature in the phytoplankton respiration process ◦C 18 22 20
c17 Reference temperature for the phytoplankton growth coefficient ◦C 10 20 16
c18 Reference temperature for the D. hyalina respiration rate ◦C 10 20 16
c19 Minimal temperature in the phytoplankton sedimentation process ◦C 2 4 2
c20 Maximal temperature in the phytoplankton sedimentation process ◦C 18 22 20
c21 Minimal temperature for the D. hyalina filtration rate ◦C 2 4 3
c22 Minimal temperature for the D. hyalina filtration rate ◦C 18 22 20
c23 Optimal light for phytoplankton growth J/(cm2 day) 150 300 170
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espiration phyto = c2 · phyto2 · temp − c15

c16 − c15
(11)

espiration daph = c4 · daph · temp
c18

(12)

rowth phyto = phyto · c6 · ps
ps + c7

· temp
c17

· light
c23

· e1−(light/c23) (13)

edimentation = c8 · phyto
H

· temp − c19

c20 − c19
(14)

razing daph = c9 · daph · temp − c21

c22 − c21
· (1 − e−c10 · phyto)

· c11 · phyto (15)

ortality daph = c13 · daph2

daph + c14
(16)

In sum, the task of parameter estimation in the food web  model
or Lake Bled leads to a 23-dimensional continuous minimization
roblem with 23 dimensions corresponding to the model parame-
ers. The objective function, sum of squared errors (SSE, as defined
ith Eq. (2))  between the observed and predicted values of the sys-

em output, is minimized with respect to the given data, subject to
he structure of the ODEs of the food web model (described by Eqs.
6)–(8)) and the bound constraints on the values of the constant
arameters listed in Table 2.

In order to evaluate the performance of different parameter
ptimization methods on this task, we conducted experiments with
ynthetic data, obtained by simulating the food web model, and
ith real data from field measurements.

.2. Data

.2.1. Measured (real) data
The measured data used for model formulation (Eqs. (6)–(8))

ere obtained from the Slovenian Environment Agency. The mea-
urements include physical, chemical, and biological data from the
ear of 1996 taken for two water columns in the lake (Table 1). The
ata were pre-processed as follows:

 All data were depth-averaged for the upper ten meters layer of
the lake, i.e., for the illuminated zone.

 As evident from Table 1, the majority of the measurements were
performed with a monthly frequency, which is generally too
scarce for automated modeling tools. Therefore, we apply cubic
spline interpolation between the measured points to obtain a
convenient dataset of “daily” measurements for the induction
of differential equations with LAGRAMGE 2.0 (Atanasova et al.,
2006).

 The concentrations of the biological data (phytoplankton and
D. hyalina) are measured in number of individuals per vol-
ume  unit [No ind/ml]. Since the model is formulated using
the mass balance principle, compatible measurement units, i.e.,
[mass/volume] are necessary for all state variables. For the phyto-
plankton concentration, the transformation into [mass/volume]
unit was done by the data providers, while for D. hyalina we used
available information from the literature, i.e., length-dry-weight
regressions by Dumont et al. (1975).  We  estimated the average D.
hyalina body length to be L = 2 mm and calculated the dry weight
of a single individual of D. hyalina using Eq. (17) suggested by
Dumont et al. (1975).

Dry Weight [�g] = 5.29 · L2.7 (17)
he final dataset has 325 time points, i.e., 325 data points for each
odel variable (for the 13 model variables as listed in Table 1),

orresponding to 325 days in the period from January 1996 to
odelling 226 (2012) 36– 61 41

December 1996. For validation of the model estimated from 1996
data, we used another dataset: it includes data from measure-
ments performed in the period from March to December 1997.
Further details about the measurements in Lake Bled are given by
Atanasova et al. (2006).

3.2.2. Synthetic (simulated) data
We generated synthetic data by full simulation of the ODE model

from Eqs. (6)–(8) at 325 equally spaced time points corresponding
to 325 days in the period from January 1996 to December 1996
using the real-measured data for the exogenous variables and data
corresponding to the first measurement in January 1996 (t0) as ini-
tial values for the three system variables (i.e., ps(t0) = 0.01650 mg/l,
phyto(t0) = 0.60547 mg/l, daph(t0) = 0.28945 mg/l). To obtain more
realistic artificial data, we  added a normal Gaussian noise N(0, 1)
to the noise-free simulated data for the system variables. Given
the relative noise level s expressed as percentage, we  calculate the
noisy data as Ynoisy = Y · (1 + s · N(0, 1)). In our experiments, we  use
three noise levels: 5%, 20% and 50%. Note that the noise-free data
correspond to a noise level of 0%.

4. Methodology

4.1. Optimization methods

This subsection introduces the optimization methods used to
solve the nonlinear parameter estimation task for the food web
model of Lake Bled. Motivated by the fact that meta-heuristic
approaches have shown promising results in solving large scale
continuous global optimization problems, we address the task
at hand using a recently developed swarm-based meta-heuristic,
the differential ant-stigmergy algorithm (DASA), and its concep-
tual sibling, the continuous differential ant-stigmergy algorithm
(CDASA), as well as two well established meta-heuristics for global
optimization, i.e., particle swarm optimization (PSO) and differen-
tial evolution (DE). Our baseline method for optimization is the
derivative-based algorithm 717 (A717), essentially designed for
nonlinear least-squares estimation: this particular method was
integrated in the automated modeling tool LAGRAMGE 2.0 used
in a previous study by Atanasova et al. (2006) to induce the model
structure subjected to parameter estimation in this work. Below
we provide a brief description of each of the five methods. We  also
specify the specific parameter settings in all methods as used in our
experimental evaluation. For a longer description of the considered
methods and appropriate explanations of the methods’ parameters,
we refer the reader to Appendix A.

4.1.1. The (continuous) differential ant-stigmergy algorithm
The differential ant-stigmergy algorithm (DASA) was initially

proposed in 2006 by Korošec (2006).  It is a version of an ant colony
optimization (ACO) meta-heuristic (Dorigo and Stützle, 2004),
designed to successfully cope with high-dimensional numerical
optimization problems. The rationale behind the algorithm is in
memorizing the “move” in the search space that improves the cur-
rent best solution and using it in further search. The algorithm uses
pheromone as a means of communication between ants (a case of
stigmergy), combined with a graph representation of the search
space. The most important property of DASA is that it transforms
the optimization problem into a graph-search problem by fine-
grained discretization of the continuous domain of the parameter
differences (unlike the common way  of discretizing parameter val-
ues). The parameter differences assigned to the graph vertices are

used to navigate through the search space.

The continuous differential ant-stigmergy algorithm (CDASA)
is based on the idea of continuous space exploration with proba-
bilistic sampling. CDASA is an extended version of DASA that uses
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rbitrary real offsets (as opposed to predefined discrete offsets) to
avigate through the search space (Korošec, and Šilc, 2011).

.1.2. Particle swarm optimization
Particle swarm optimization (PSO) is a stochastic population-

ased optimization technique developed by Kennedy and Eberhart
1995) (Engelbrecht, 2005) inspired by the concept of social behav-
or of biological organisms, e.g., bird flocking or fish schooling
Reynolds, 1987). A PSO algorithm maintains a swarm of particles,
orresponding to a population of candidate solutions. Every parti-
le moves (“flies”) in the search space, adjusting its position and
elocity according to its own experience and the social experience
btained by social interaction with the neighboring particles.

PSO evidently shares similarities with evolutionary algorithms,
eveloped on the basis of the Darwinian theory of evolution: both
re inspired from natural phenomena and both maintain a popula-
ion of candidate solutions and iteratively update (transform) the
opulation using a variety of operators in order to find the optimal
olution. However, PSO does not have selection, crossover or muta-
ion operators: the main driving force of the swarm is the social
nteraction implicitly encoded in the social network structure. The
ocial network structure is determined by the neighborhood of each
article, within which the particles can communicate by exchang-

ng information about their success in the search space.

.1.3. Differential evolution
Differential evolution (DE) is a simple and efficient population-

ased heuristic for optimizing real-valued multi-modal functions,
ntroduced by Storn and Price (1997, 1995).  It belongs to the class of
volutionary algorithms based on the idea of simulating the natural
volution of a population P of individuals (candidate solutions) via
he processes of selection, mutation and crossover.

The main difference between traditional evolutionary algo-
ithms and DE is in the reproduction step, where for every candidate
olution an offspring is created using a simple arithmetic (differen-
ial) mutation operation over three (or more) parents. Moreover,
niform crossover is introduced, in order to increase the diversity
f the mutated solution. Finally, the offspring is evaluated and if its
tness (objective function) is better, it replaces the corresponding
andidate solution in the population.

.1.4. Algorithm 717
Algorithm 717 (A717) is a set of modules for solving the

arameter estimation problem in nonlinear regression models like
onlinear least-squares, maximum likelihood and some robust fit-
ing problems (Bunch et al., 1993).

The basic method is a generalization of NL2SOL – an adaptive
onlinear least-squares algorithm (Dennis et al., 1981), which uses

 model/trust-region technique for computing trial steps along
ith an adaptive choice for the Hessian model. In fact, NL2SOL

s a variation of Newton’s method (augmented Gauss–Newton
ethod), in which a part of the Hessian is computed exactly and a

art is approximated by a secant (quasi-Newton) updating method.
hus, the algorithm sometimes reduces to the Gauss–Newton or the
evenberg–Marquardt method.

.1.5. Parameter settings
In the text above, we described the optimization methods that

ill be used for parameter estimation in the food web model of
ake Bled. Among these, the meta-heuristic approaches have many
arameters that guide the search and consequently influence the
ethods’ performance. To obtain best possible performance on a
iven problem, one should consider a task specific tuning of the
arameter setting for the optimization method used. Determin-

ng the optimal parameter setting is an optimization task in itself,
hich is extremely computationally expensive.
odelling 226 (2012) 36– 61

The values for the methods’ parameters in this particular study
were chosen based on the suggestions in existing literature, more
precisely the settings proposed by the authors of the optimization
methods. The parameter settings outlined below were used across
all experimental scenarios corresponding to the two simulation
approaches and all considered data sets.

DASA setup: The discretization base is set to 10, the maximum
parameter precision is set to 10−15, the number of ants is set to 10,
the global scale increase factor to 0.02, the global scale decrease
factor to 0.01, and the pheromone evaporation factor to 0.2.

CDASA setup: The reset threshold is set to 10−20, the number of
ants is set to 30, the global scale increase factor to 0.01, the global
scale decrease factor to 0.02, and the pheromone evaporation factor
to 0.2.

PSO setup: A variable random topology was  chosen, the particle
swarm size was  set to 40, the neighborhood size to 3, the iner-
tia weight to 0.721, and the acceleration coefficient to 1.193. In
addition, default settings were used for the remaining parameters
(advanced options not included in the standard PSO method).

DE setup: The chosen strategy was “DE/rand-to-best/1/exp”, the
population size was  set to 200, the weight factor to 0.85, and the
crossover factor to 1.0.

A717 setup: Since A717 is not a global search algorithm, we
wrapped the original procedure in a loop of restarts with randomly
chosen initial points, providing in a way  a simple global search. The
procedure was  restarted as many times as needed to achieve a com-
parable number of function evaluations to the other four methods.
We  used the module for bound constraint optimization with exact
calculation of the derivatives.

4.2. Comparison methodology

To guarantee a fair comparison of the five optimization methods,
we ran each method 25 times allowing half a million of evalua-
tions of the objective function per single run. We  report the results
over all 25 runs and summary statistics for these in terms of two
performance metrics. While the first quality measure is about the
convergence rate of the optimization methods, the other focuses
on the quality of the obtained models.

Convergence curves are commonly used for visualizing the con-
vergence rates of optimization methods. They show the change of
the value of the objective function with the increasing number of
objective function evaluations. Each curve in our paper depicts the
change of the objective function value averaged over 25 runs: the
convergence curves are shown in log–log plots, with a logarithmic
scale for both axes in order to be able to capture the convergence
trend over a wide range of values.

Root mean squared error (RMSE) measures the difference
between the output values predicted by the model (Ŷ) and the
observed values of the output variables (Y).

RMSE =
√

1
N

SSE(m(c))

=

√√√√ 1
N

M∑
i=1

N∑
j=1

(
Yi[j] − Ŷi[j]

Yi[j]

)2
(18)

The division by the number of data points and square root in
RMSE make its measurement units and scale comparable to the
ones of the observed output variables. For easier comparison across
the three system variables, which are spread on different scales, we

calculated RMSE using Eq. (2) for least-squares estimation. Note,
finally, that better models have smaller values of RMSE.

To represent the distributions of the quality measure values
over the 25 runs of a specific optimization method on a specific
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bservation scenario and dataset, we used box-and-whisker dia-
rams (boxplots). The boxplots presented in this paper were
enerated using the MATLAB statistical toolbox.1 A detailed
escription of the boxplot representation is given in Appendix B.

Statistical significance testing was performed in order to assess
he obtained differences in performance between the five optimiza-
ion methods. We  used the post hoc multiple comparison Holm test
Holm, 1979), according to which we first rank the compared meth-
ds based on their performances averaged over all test problems
nd assign a score ri for i = 0, . . .,  Nm − 1, where Nm is the num-
er of methods being compared and i is the appropriate rank (i = 0
orresponds to the best ranked method and i = Nm − 1 to the worst
anked method). Second, we select the method with the best score
lowest rank), r0 and calculate the values

i = r0 − ri√
(Nm(Nm + 1))/(6Ntp)

, (19)

here Ntp is the number of considered test problems for each
ethod. Finally, we calculate the cumulative normal distribution

alues pi corresponding to zi and compare them with the corre-
ponding ˛/i values, where  ̨ is the significance level, set to 0.05
n our case. We  report the zi, pi, and ˛/i values in a table, where
ach row corresponds to one of the methods. The best ranking
ethod used as reference method is excluded from the table. Based

n these values, we can make a decision about the null-hypothesis
hat “there is no difference in performance between the ith and the
est ranking methods”.

.3. Practical parameter identifiability

The problem of uniqueness of the estimated parameters in a
iven model is related to the issue of parameter identifiability.
e can distinguish between structural and practical identifiabil-

ty. Structural identifiability is a theoretical property of the model
tructure, depending only on the model input (stimulation func-
ion) and output (observation function): it is not related to the
pecific values of the model parameters. The parameters of a given
odel are structurally globally identifiable if they can be uniquely

stimated from the designed experiment under the ideal conditions
f noise-free observations and error-free model structure (Walter
nd Pronzato, 1997). If the model is not structurally identifiable,
ne should consider reformulating the model.

Even when we deal with a structurally identifiable model, it can
till happen that the parameters cannot be uniquely identified from
he available experimental data. In this case, we experience a prac-
ical identifiability problem, related to the amount and quality of
vailable experimental data. Practical identifiability analysis can
lso help us to assess the uncertainty of the parameter estimates
nd to compare possible experimental designs without performing
xperiments. Parameters uncertainties (confidence intervals) may
e computed by using, for example, the Fisher Information Matrix
FIM), the Hessian matrix of the objective function, or a Monte
arlo-based approach. For further details on this topic, we refer the
eader to the work by Marsili-Libelli et al. (2003) that addresses
his for ecological models, or the work by Balsa-Canto and Banga
2010) that formalizes parameter identification for biological mod-
ls. Note that, if parameters are estimated within a probabilistic
ramework, such as Bayesian inference (Omlin and Reichert, 1999;

ones et al., 2010), there is no need for post hoc calculation of the
arameter uncertainties as they are provided with the estimation

tself.

1 http://www.mathworks.com/help/toolbox/stats/boxplot.html, last visited June
011.
odelling 226 (2012) 36– 61 43

We  assessed the practical identifiability of the parameters in
the food web model by using the Monte Carlo-based sampling
approach (Joshi et al., 2006; Balsa-Canto and Banga, 2010). The
approach estimates the expected uncertainties of the parameters
by re-applying the parameter estimation method to a large number
of replicate data sets, generated by using different realizations of
the chosen experimental noise. In this way, we generate a cloud of
parameter estimates that represent the confidence region. Based on
this cloud of solutions, we  can obtain the distribution (represented
by histograms) of values for the uncertain parameter (as well as its
mean value and standard deviation) and perform correlation anal-
ysis to determine the most correlated parameters. In contrast to
the FIM-based approach that assumes a linearization of the model,
the Monte Carlo approach estimates are reliable also for highly
non-linear models or very large parameter uncertainties. The gen-
erality of the Monte Carlo approach comes at a high computational
cost.

For the given estimation task, we generated 400 data sets by
simulating the food web model with the reference parameter val-
ues and adding 20% Gaussian noise, as described in subsection 3.2.
We estimated the parameters of the model using each of these
data sets, and collected the estimates for outlier examination and
further statistical analysis. We  followed the same procedure as
described by Joshi et al. (2006),  according to which outliers are
data points that do not belong to the interval [Q1 − 1.5 · (Q3 − Q1),
Q3 + 1.5 · (Q3 − Q1)], where Q1 and Q3 represent the 25th and 75th
percentiles of the sample, respectively. The detected outliers are
removed: more precisely, the new (reduced) sample includes only
the estimates obtained from those data sets that did not produce
any outlier over all parameters. The distributions of the parame-
ters are presented with histograms, including the corresponding
95% confidence intervals CI: these are calculated as the length of
the interval between the 2.5th and 97.5th percentile of the sam-
ple. The width of the bins h for a single histogram is calculated
according to the Freedman–Diaconis rule (Freedman and Diaconis,
1981),

h = 2 · IQR
3
√

Ns

(20)

where IQR is the interquartile range of the sample and Ns is the
sample size.

Based on the outlier-free samples of parameter estimates, the
correlation of two  model parameters in terms of a linear depen-
dence is calculated based on the Pearson correlation coefficient
(Rice, 2007).

5. Results and discussion

In the following subsections, we  summarize and discuss the
results from the experiments associated with the task of param-
eter estimation in the food web  model of Lake Bled. Presented
results are grouped into subsections by the type of data considered
(synthetic/real), where each subsection discusses the methods’
performance and the quality of the models obtained by the five
optimization methods (DASA, CASA, PSO, DE, and A717) using the
two simulation approaches (TF and FS). Note that the exact proce-
dure for parameter estimation based on the TF approach involves a
final simulation of the best model (defined with the best parame-
ter values found by the optimization method) with full simulation:
the FS dynamics is then used to calculate the model error reported

as the final outcome of the estimation procedure. This procedure
was originally used by Atanasova et al. (2006) to obtain the model
structure considered here: for consistency, we  adopt it in this work
as well.

http://www.mathworks.com/help/toolbox/stats/boxplot.html
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Table 3
The RMSE values for the best models estimated from synthetic data. Five optimiza-
tion methods (DASA, CDASA, PSO, DE, and A717) and two  simulation approaches
(TF and FS) are applied to synthetic data with four levels of noise (0%, 5%, 20%,
and  50%). The best values for each task, i.e., combination of noise level and simu-
lation approach are given in bold. The minimum (best) RMSE value corresponding
to  the simulations of the models with the parameter estimates obtained by a given
optimization method is chosen over the 25 runs of that method.

Noise DASA CDASA PSO DE A717

TF 0.2751 0.0425 0.3950 0.0096 1.2933
0% FS 0.1114 0.0998 0.3271 0.0006 0.8611

TF 0.2779 0.1261 0.4570 0.0840 1.1043
5% FS 0.1560 0.1327 0.3002 0.0823 0.9140

TF 0.5680 0.4144 0.5714 0.3975 1.1011
20% FS 0.3862 0.3840 0.5160 0.3643 0.8849
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Fig. 2. RMSE performance of the models obtained by parameter estimation from
synthetic data. Boxplots representation of the performance (in terms of the recon-
structed output, RMSE) of the five optimization methods (DASA, CDASA, PSO, DE, and
A717) using the two  simulation approaches (columns TF and FS) and four synthetic
datasets (rows): (a) noise-free, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%;
and  (d) noisy data, s = 50%. Due to the large differences in the order of magnitude,
the RMSE values are plotted on a logarithmic scale. Note that for the same reason the
TF 2.0765 2.5634 2.7377 2.1783 2.0203
50% FS 1.3283 1.3243 1.3653 1.3224 1.4320

.1. Parameter estimation from synthetic data

.1.1. RMSE performance
Fig. 2 and Table 3 summarize the performance of the meth-

ds in terms of the RMSE metric for the synthetic data with four
evels of noise (0%, 5%, 20%, and 50%) and the two  simulation
pproaches. While Fig. 2 shows the RMSE of the models obtained
y the optimization methods in all runs (25 executions) of the esti-
ation procedure, Table 3 presents the RMSE values related to

he best obtained models by the optimization methods in the con-
idered experimental cases. The best obtained models are visually
nspected in Section 5.1.3.

The eight panels in Fig. 2 correspond to the two simulation
pproaches (in columns) and four synthetic data sets (in rows),
here each panel depicts a performance comparison of the five
arameter estimation methods. The panels show that the median
erformance of A717 is significantly worse when compared to the
our other meta-heuristic methods. The comparison among the
atter indicate that the median RMSE performance of DE is signifi-
antly better than the performance of DASA, CASA and PSO. These
ndings hold for estimation based on both simulation approaches
nd at all noise levels. Moreover, DE has the lowest variance of
he RMSE values across all data cases regardless of the simulation
pproach used (except the noise-free data case).

Considering the performance at different levels of noise, we
bserve a systematic decrease of the performance in terms of RMSE
ith the increase of the level of noise in the data. The noise affects

he performance of all methods, but the magnitude of the effect dif-
ers. The performance of A717 is influenced less by the increasing
oise than the best performing method DE. While we observe very

arge and remarkable differences among the performance of the dif-
erent meta-heuristic methods (e.g., the performance of DE which
s one or two orders of magnitude better than the other methods)
n the noise-free case (or in the case of a small amount of noise, i.e.,

 = 5%), there is much less difference in their performance at high
mounts of noise, i.e., s = 50%. Overall, the ranking of the optimiza-
ion methods is very similar at all noise levels, regardless of the
imulation approach used: DE is the best method; CDASA is ranked
econd; DASA is ranked third; PSO is ranked fourth and A717 is
he worst performing method. At the noise level of 50%, the per-
ormance of DASA is better as compared to CDASA when using TF,
hile there is no difference in their performance when using FS.

The comparison of the two simulation approaches shows that
he optimization methods perform better when using full simula-
ion of the models. The difference in the median RMSE performance

f the models found by the different methods is statistically signif-
cant in general (except for CDASA, PSO and DE on data with no
r little noise). However, the difference in performance is smaller
han the difference in the computational cost of both simulation

y-axes of the plots corresponding to the different datasets are capturing different
ranges of values: the upper bound is the same, but the lower bound is different.
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Fig. 3. Convergence of the optimization methods on the task of parameter estimation from synthetic data. Convergence curves for the five parameter estimation methods
(DASA,  CDASA, PSO, DE, and A717) using the two  simulation approaches, TF (graphs in the left-hand side two columns) and FS (graphs in the right-hand side column) and
four  synthetic datasets (rows): (a) noise-free, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%; and (d) noisy data, s = 50%. The graphs in the first column from the left
depict  the average SSE performance of the best models estimated with TF, while the graphs in the middle depict the corresponding average SSE performance of the same
best  models simulated with FS. Each color represents one method: orange for DASA, blue for CDASA, green for PSO, red for DE, and cyan for A717. In order to capture the
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onvergence trend over a wide range of values, the convergence curves are plotted
his  figure legend, the reader is referred to the web  version of this article.)

pproaches. Table 4 represents the average (over the 25 runs) CPU
ime of the parameter estimation procedure for all considered opti-

ization methods and both simulation approaches. As evident,
he difference is two orders of magnitude and, depending on the

ethod/platform/data case, TF-based estimation is approximately
0–100 times faster than FS-based estimation.

.1.2. Convergence
The convergence curves in Fig. 3 further confirm that DE is
he most suitable method for parameter estimation of the given
ood web model, at the given amount (half a million) of func-
ion evaluations. DE has faster convergence compared to the other

eta-heuristics at all noise levels: this is in most cases clear after
 a logarithmic scale for both axes. (For interpretation of the references to color in

ten thousand evaluations. The difference is especially remarkable
in the cases of no noise and a low level of noise in the data (see
Fig. 3a and b).

Regarding the remaining methods, at lower noise levels CDASA
has better convergence than DASA. PSO, even though promising at
the beginning of the search, seems to suffer from premature con-
vergence (convergence to a sub-optimal solution). Finally, A717
seems to be trapped in local optima all the time. An interesting
observation is that if the method is able to converge close to the

optimum, then the estimation with both simulation approaches
(TF and FS) achieves almost equal model errors, except in the case
of a high noise level (see Fig. 3.d)), where FS-based estimation (with
all methods) leads to smaller errors.
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Table 4
Time performance: the average CPU time of one run (execution of half a million
of objective function evaluations) is reported for all optimization methods across
all simulation-data scenarios. The average time is given in minutes. Note that, the
platform used to perform the experiments with DASA, CDASA, PSO, and DE was
based on a six-core AMD Opteron 2.54 GHz processor 2427, 5 GB RAM with 64-bit
Microsoft Windows Server 2008 R2 operating system, while A717 experiments were
performed on a dual-core AMD  Opteron 2.4 GHz processor 2216, 16 GB RAM with
64-bit Fedora Linux operating system.

Noise DASA CDASA PSO DE A717

TF 1.72 1.69 1.74 1.68 4.39
0% FS 111.24 82.22 71.24 71.46 163.63

TF 1.72 1.69 1.74 1.68 4.51
5%  FS 112.89 81.18 68.63 71.91 168.50

TF 1.73 1.71 1.73 1.67 4.52
20% FS 119.53 80.68 70.86 73.14 164.63

TF 1.73 1.71 1.74 1.67 4.51
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Fig. 4. Simulated dynamics of the best food web models obtained by parameter esti-
mation with FS from synthetic data: phosphorus. The graphs represent the observed
behavior vs. that predicted by the best model in the case of parameter estimation
from synthetic: (a) noise-free data, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%;
and  (d) noisy data, s = 50%. The observed behavior is represented by a black dotted
line. The predicted behaviors are represented by solid lines with a different color for
50% FS 170.27 218.21 98.19 240.64 174.42
Real data TF 1.70 1.67 1.75 1.65 4.39

FS  137.01 78.25 87.88 78.26 162.84

The convergence rate of DE and the other methods is notably
nfluenced by the noise level increase. Regardless of the simulation
pproach used, at the 50% noise level there is a small difference
n the convergence rates of DASA, PSO, and DE, and it is clear
hat all methods (and not only A717) have extremely slow conver-
ence. A717 is clearly showing the poorest convergence, which is
nly slightly affected by the different noise scenarios or simulation
pproaches.

An important remark is related to estimation with the TF
pproach: the average error performance calculated based on the
F model simulations (left-column graphs Fig. 3) is not directly
omparable to the average error performance of the models
btained by parameter estimation with FS model simulation (right-
olumn graphs Fig. 3): TF-based estimation, in this experimental
etup, involves a final full simulation of the best model. In order
o make a fair comparison of the influence of both simulation
pproaches on the estimation process at different time points over
he given amount of time (“time” in terms of function evalua-
ions), the middle-column graphs in Fig. 3 depict the convergence
f the average error of the full model simulations for the best
odels found by TF-based estimation across time. These graphs

dditionally confirm that as long as the noise is not high, i.e., s = 50%,
stimation with the TF approach results in models of comparable
uality. Note that, at a noise level of 50%, the average error per-
ormance of PSO is worse than the average error performance of
717.

.1.3. Simulated dynamics of the best models
A common test of the quality of the obtained models includes

isual inspection, i.e., a graphical comparison of the observed out-
uts with the outputs predicted by the models. In this context,
igs. 4–6 visualize the observed (black dotted line) vs. simulated
ynamics (colored solid lines) of the three system variables (phos-
horus, phytoplankton, and D. hyalina, respectively): this is done
or the model corresponding to the best parameter values found
y each of the five optimization methods (colors correspond to
ethods), using full simulation on the four synthetic datasets. The

raphs in different rows correspond to models estimated from dif-
erent datasets, presented from top to bottom in order of increasing
evel of noise in the dataset. Note that the RMSE of these models is
iven in Table 3. Furthermore, in Fig. 5, the graphs on the left-hand
ide correspond to the best models obtained by estimation with
F approach, while the graphs on the right-hand side correspond

o the best models obtained by estimation with FS. The predicted
ynamics of phosphorus and D. hyalina by the best models obtained

n the case of TF-based parameter estimation is captured in Figs. 12
nd 13 in Appendix C.

each optimization method: orange for DASA, blue for CDASA, green for PSO, red for
DE, and cyan for A717. Note that, in the case of noise-free data, there is an almost
perfect match between the red solid line and the black dotted line, therefore the
last is not easy to discern. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 5. Simulated dynamics of the best food web  model obtained by parameter estimation from synthetic data: phytoplankton. The graphs represent the observed behavior
vs.  that predicted by the best model in the case of parameter estimation from synthetic: (a) noise-free data, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%; and (d)
noisy  data, s = 50%. The left-hand side graphs depict predictions of the best models obtained by parameter estimation with TF simulation, while the right-hand side graphs
correspond to the predictions of the best models obtained by parameter estimation with FS. The observed behavior is represented by a black dotted line. The predicted
behaviors are represented by solid lines with a different color for each optimization method: orange for DASA, blue for CDASA, green for PSO, red for DE, and cyan for A717.
Note  that, in the case of noise-free data, there is an almost perfect match between the red solid line and the black dotted line, therefore the last is not easy to discern. (For
interpretation of the references to color in this figure legend, the reader is referred to the web  version of this article.)
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Fig. 6. Simulated dynamics of the best food web model obtained by parameter esti-
mation with FS from synthetic data: D. hyalina. The graphs represent the observed
behavior vs. that predicted by the best model in the case of parameter estimation
from synthetic: (a) noise-free data, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%;
and  (d) noisy data, s = 50%. The observed behavior is represented by a black dotted
line. The predicted behaviors are represented by solid lines with a different color for
each optimization method: orange for DASA, blue for CDASA, green for PSO, red for
DE, and cyan for A717. Note that, in the case of noise-free data, there is an almost
perfect match between the red solid line and the black dotted line, therefore the
last is not easy to discern. (For interpretation of the references to color in this figure
legend, the reader is referred to the web  version of this article.)

Table 5
The RMSE values for the models estimated from measured data. Five optimization
methods (DASA, CDASA, PSO, DE, and A717) and two simulation approaches (TF and
FS) are applied to measured data. The best values for each statistic are given in bold.
The summary statistics for the RMSE values associated with the predictions of the
models obtained by parameter estimation are calculated over 25 runs.

DASA CDASA PSO DE A717

Best 0.7337 0.8101 0.8450 0.7609 1.2106
Median 0.9136 0.9258 1.2749 0.7614 1.4170

TF Worst 1.1284 1.7869 1.6937 0.7614 2.5180
Average 0.9012 1.0012 1.2463 0.7614 1.4948
Std 0.1170 0.2436 0.2177 0.0001 0.2710

Best 0.5300 0.5307 0.6246 0.4773 0.8684
Median 0.5890 0.5467 0.6903 0.4775 1.0785
FS  Worst 0.6786 0.5964 0.8156 0.5121 1.1704
Average 0.5910 0.5498 0.6886 0.4834 1.0609
Std 0.0320 0.0154 0.0520 0.0114 0.0816

A brief look at the three figures reveals that A717 fails to recon-
struct the observed dynamics of all systems variables, regardless of
the simulation approach, for all considered datasets. On the other
hand, almost all meta-heuristic methods are able to capture the
observed behavior in a satisfactory manner with a clear advantage
of DE and CDASA over DASA and PSO. Regardless of the simula-
tion approach, DE is the only method that almost perfectly fits the
noise-free data for all three systems variables.

As long as the noise in the data is not extremely high, the meta-
heuristic methods, especially DE and CDASA are able to avoid noise
fitting and capture the actual trend in the observed dynamics of all
system variables. While A717 seems to fail in all cases, all methods
have problems at high levels of data noise (see the graphs in the last
row of all three figures corresponding to the 50% data noise): meta-
heuristics fail to reconstruct the model dynamics as well. Finally,
note that as long as the noise in the data is not high, there is no clear
difference between the models obtained by estimation based on TF
and FS, as both seem to produce models of comparable quality.

5.2. Parameter estimation from measured data

Table 5 summarizes the results of parameter estimation in the
food web model of Lake Bled using real data obtained from mea-
surements preformed in 1996. The rows Best, Median, and Worst
give the RMSE value corresponding to the best, median and worst
solution (over the 25 runs) found by the five optimization meth-
ods using the two  simulation approaches. The remaining two  rows
report the average RMSE performance (Average) and its standard
deviation (Std). The two-panel Fig. 7 visually summarizes these
results.

Overall, the results on measured data confirm the findings of the
experiments performed on synthetic data. DE consistently leads
to models with smallest RMSE (best performance), regardless of
whether we  consider the best, median, worst, or average RMSE
(over the 25 runs): except for the best model obtained by TF-based
estimation, which is ranked second (after the DASA best model).
DE is again the most precise method with smallest RMSE variance.
DASA and CDASA share the second place: DASA seems to be better
when TF-based estimation is used and CDASA in the case of FS-
based estimation. PSO is ranked third and A717 is ranked last: note
that, in the case of TF-based estimation, PSO and A717 have similar
performance on average.

The boxplots clearly show the performance differences between
the five methods. The boxplots further confirm that the median
performance of the methods is significantly improved when FS-

based estimation is used.

The convergence curves in Fig. 8 resemble the ones for the arti-
ficial data. The DE method converges faster to better solutions
than the other four methods and FS-based estimation leads to
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Fig. 7. RMSE performance of the models obtained by parameter estimation from
measured data. Boxplots representation of the performance (in terms of the recon-
structed output, RMSE) of the five optimization methods (DASA, CDASA, PSO, DE,
and  A717) on the task of parameter estimation from measured data, using the two
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Table 6
Results of the Holm test for a significance level of  ̨ = 0.05. The table summarizes
the  outcome of the Holm test performed on the best RMSE values estimated by the
five optimization methods (DASA, CDASA, PSO, DE, and A717) from synthetic and
real  data, using both simulation approaches (TF and FS). DE is the reference method
with rank i = 0. The hypothesis “there is no difference in performance between DE
and  the ith ranked method” is rejected if the statement pi < ˛/i holds.

i ˛/i Method zi pi Hypothesis

4 0.0125 ALG717 4.667 0.000003 Rejected
3 0.0167 PSO 3.960 0.000075 Rejected
2 0.0250 DASA 1.838 0.065992 Not rejected

F
(
c
a
a
i

imulation approaches (columns TF and FS). Due to the large differences in the order
f magnitude, the RMSE values are plotted on a logarithmic scale.

lightly better convergence than TF-based estimation. The graph
epicting the convergence of the error associated with the full
odel simulation of the best models found by TF-based estima-

ion (Fig. 8b) shows that PSO performs (on average) worse than
717 on measured data. We  observed a similar behavior in the
ase of parameter estimation from synthetic data with a noise level
f 50%.

Concerning the running time of the estimation procedures,
able 4 shows that TF-based estimation is significantly faster than
S-based estimation. This holds for synthetic, as well as for mea-
ured data. In the case of estimation with TF, all optimization
ethods have roughly the same running times, except A717, which

s almost three times slower. Note, however, that the experiments
ith A717 were performed on a different computer platform than

he other methods.
A Holm test was conducted using the (best) values of the

MSE metric for the best models obtained by each method for
ll synthetic and the measured datasets and both (TF and FS)
imulation approaches. These RMSE values are given in Table 3
synthetic data) and Table 5 (measured data). The outcome of
he statistical comparison test is summarized in Table 6. In terms
f the RMSE of the best models, DE is the best ranked method

hat significantly outperforms the A717 and PSO method, at the
.05 significance level, while the advantage of DE over DASA
nd CDASA is not statistically significant at the same significance
evel.
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ig. 8. Convergence of the optimization methods on the task of parameter estimation fr
DASA,  CDASA, PSO, DE, and A717) using the two  simulation approaches: TF (a and b) and F
orresponding to the parameter estimation task with TF: (a) the average SSE performan
verage SSE performance of the best models simulated with the FS approach. Each color r
nd  cyan for A717. In order to capture the convergence trend over a wide range of value
nterpretation of the references to color in this figure legend, the reader is referred to the
1 0.0500 CDASA 1.556 0.119795 Not rejected

5.2.1. Simulated dynamics of the best models
We now discuss the quality of the models estimated from mea-

sured data, performing a visual inspection of the match between
their predictions and the real measured data. The six graphs pre-
sented in Fig. 9, and Fig. 14 in Appendix C, visualize the observed
(black dotted line) vs. simulated dynamics (colored solid lines)
of the three system variables (phosphorus, phytoplankton, and
D. hyalina): this is done for the model corresponding to the best
parameter values found by each of the five optimization methods
(colors correspond to methods), using both simulation approaches.
The graphs in Fig. 9 correspond to the best models obtained by esti-
mation with FS, while the graphs in Fig. 14 correspond to the best
models obtained by estimation with TF. Every row in both figures
corresponds to a different system variable.

Overall, A717 leads to a model that exhibits the poorest
performance when compared to the models produced by the
other methods, except for modeling D. hyalina using FS-based
estimation. The general impression is that all obtained models find
it difficult to capture the observed dynamics of the system variables.
While the actual trend in the phosphorus dynamics is approxi-
mately captured by almost all models, this is not the case with the
other two systems variables. Namely, the phytoplankton concen-
tration has two seasonal peaks, in spring (higher) and in summer
(lower), but no model fits them both at the same time. The models
obtained by TF-based estimation with meta-heuristic methods are
trying to capture the second peak, but are not successful. The model
obtained by FS-based estimation with meta-heuristic methods
(especially DE) are able to capture the spring peak, but underes-
timate its magnitude. Likewise, the D. hyalina concentration has
two seasonal peaks, in spring (lower) and in autumn (higher), but

again no model fits them both at the same time. While the mod-
els obtained by TF-based estimation with meta-heuristic methods
(except PSO) approximately capture the autumn peak, the models
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om measured data. Convergence curves of the five parameter estimation methods
S (c)). The two  left-hand side graphs depict the convergence curves for each method
ce of the best models simulated with the TF approach and (b) the corresponding
epresents one method: orange for DASA, blue for CDASA, green for PSO, red for DE,
s the convergence curves are plotted using a logarithmic scale for both axes. (For

 web  version of this article.)
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Fig. 9. Simulated dynamics of the best food web models obtained by parameter esti-
mation with FS from measured data. The graphs represent the observed behavior
vs.  that predicted by the best food web model for: (a) phosphorus; (b) phytoplank-
ton; and (c) D. hyalina. The observed behavior is represented by a black dotted line,
obtained by interpolation of the real measurements marked with “×”. The predicted
behavior is represented by solid lines with a different color for each optimization
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Fig. 10. Validation of the best food web model obtained by parameter estimation
with FS from data measured in 1996 on data measured in 1997. The graphs represent
the  observed behavior vs. that predicted by the best food web model for: (a) phos-
phorus; (b) phytoplankton; and (c) D. hyalina. The observed behavior is represented
by a black dotted line, obtained by interpolation of the real measurements marked
with  ‘×’. The predicted behavior is represented by solid lines with a different color
for each optimization method: orange for DASA, blue for CDASA, green for PSO, red
ethod: orange for DASA, blue for CDASA, green for PSO, red for DE, and cyan for
717. (For interpretation of the references to color in this figure legend, the reader

s  referred to the web version of this article.)

btained by FS-based estimation with all methods (especially DE)
apture the spring peak quite well.

The results of parameter estimation with synthetic data did not
how a clear advantage of FS-based estimation over TF-based esti-
ation. When using real measured data, the picture is clearer.
ccording to the visual inspection of the model predictions, FS-
ased estimation resulted in better models.
.2.2. Validation of the best models
The performance of the best models obtained on data mea-

ured in 1996, by the five optimization methods using the two
for  DE, and cyan for A717. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

simulation approaches, applied on data measured in 1997, is graph-
ically shown in Fig. 10 (FS), and Fig. 15 in Appendix C (TF). The
graphs in each row depict the performance of the models for each of
the three system variables. Each graph compares the performance
of the best models obtained by each of the five optimization meth-
ods (represented by five differently colored lines) to the observed
dynamics of the system variables (represented by a black dotted
line).
The visual inspection clearly shows that there is a large discrep-
ancy between the measured data and the predictions of the models
for all system variables, with almost no correlation between the
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Fig. 11. Correlation of the model parameters generated with a Monte Carlo-based
approach (estimated by DE using full simulation and synthetic noisy data, s = 20%).
(a) Colored matrix cells visualize the correlation R for parameter pairs based
on  a scale-to-color mapping. The cells on the main diagonal represent the self-
correlations of the parameters (equal to 1). The most correlated pairs of parameters
are c1/c5 (R = 0.9234), and c6/c17 (R = 0.0.8272). Smallest correlation (R = 0.0011) is
obtained for the parameters c4 and c8. (b) Contour plot of the objective function
combined with scatter plot of the parameters estimates corresponding to the most
correlated pair of correlated parameters, c1 and c5, plotted using a logarithmic scale
for  both axes. (c) Contour plot of the objective function combined with scatter plot
of  the parameters estimates corresponding to the second most correlated pair of
correlated parameters, c6 and c17. The green dots represent the reference parameter
values given in Table 2. The red dots on the plots are the best-estimated parameter
values obtained with the DE method from datasets generated in the Monte Carlo
fashion. Light-colored contours correspond to higher values, while dark-colored
contours correspond to lower values of the objective function. (For interpretation of
the  references to color in this figure legend, the reader is referred to the web version
of  this article.)
odelling 226 (2012) 36– 61 51

two dynamics. This is the case with all models, obtained by all the
different methods of estimation using both simulation approaches.

If we  analyze the measured data for 1997 and compare them
with the measured data for 1996, we  can see that the dynamics,
even though similar at first sight, is quite different. There is an evi-
dent difference in the phytoplankton dynamics, as the spring peak
is missing: there is a single peak that happens in early summer
in 1997 (earlier than the summer peak in 1996), which appears
after the spring peak in the D. hyalina dynamics. The dynamics of D.
hyalina is different as well, with the spring peak twice higher than
the autumn peak and the peaks at a clear distance, unlike the 1996
dynamics where the second peak is much higher and the peaks
seem to be connected (with a smooth transition from the first to
the second peak). These observations point at the complexity of
the given ecosystem, which obviously requires a more complex
model structure for its description. The phytoplankton population,
for example, is composed of various groups, each being predomi-
nant at a different time. This leads to nutrient limitations not only
by phosphorous, but also by nitrogen and silica, which are not taken
into account by this model structure (Atanasova et al., 2006).

In short, the models of the dynamics of Lake Bled with the esti-
mated parameter values are completely inappropriate for modeling
the lake dynamics in 1997 and not completely appropriate for mod-
eling the dynamics in 1996. Two possible reasons for this come to
mind. The first reason is related to the difference in the dynamics of
the lake between the two  years as evident from the observed data
and discussed above: due to these differences, a model (structure)
appropriate for 1996 need not be appropriate for 1997.

The second reason concerns the appropriateness of the model
structure, even for the case of modeling only the 1996 dynamics.
Note that this model structure was  induced based on data from one
year (1996) only. Due to the sparsity and scarcity, these data were
preprocessed before being used for induction of the model struc-
ture. The automated modeling system used to select this structure
used the A717 method combined with TF to estimate parameters.
The results of the present study clearly show that this approach has
the poorest performance among the alternatives considered. This
may  have lead to the selection of an inappropriate model structure.

5.2.3. The interplay between parameter estimation and model
selection

Given the imperfect match of even the best models found in
the experiments described above with the data used for calibra-
tion (1996) and poor fit to the data used for validation (1997), it
is evident that the model structure selected (by LAGRAMGE 2.0
(Atanasova et al., 2006)) is not appropriate. However, it is clear
that the use of global optimization methods with full simulation
finds better parameter estimates as compared to local optimization
method with teacher forcing simulation. This brings to the front the
important issue of the interplay between parameter estimation and
model (structure) selection.

On one hand, one can expect that better parameter estimation
would make it easier to select a more appropriate model structure.
On the other hand, one might suspect that better parameter esti-
mation may  lead to over-fitting. It is not clear a-priori what the
balance between the two would be in the context of automated
modeling approaches, such as LAGRAMGE 2.0. At the time of writ-
ing this paper, we are conducting an extensive follow-up study of
this issue (Čerepnalkoski et al., 2011, submitted for publication):
while a detailed report on this study is beyond the scope of this
paper, we present some preliminary findings below.

When searching the same (large) space of model structures con-

sidered by Atanasova et al. (2006) and one-year data batches for
parameter estimation, a per-model-structure comparison reveals
that global optimization methods (DASA) find much better param-
eter values than local optimization approaches (A717), confirming
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he findings of the present study. Furthermore, the parameter esti-
ation approach using local optimization (A717) is only able to find

ood parameter values for a small number of model structures. As
hese stick out from the large number of model structures for which
oor parameter values are found, the problem of selecting a good
odel structure appears much easier than it really is.
The global optimization method (DASA), on the other hand, finds

equally) good parameter values for a large number of model struc-
ures, based on a single one-year data batch. This makes it clear that
t is not easy to select an appropriate model structure, or more pre-
isely, that a single one-year data batch does not provide enough
nformation to narrow down the choice to a single (or a few) model
tructure(s). It is thus necessary to use more data on several years
a longer batch or several one-year batches) to obtain additional
nformation that would further narrow down the choice among the
arge number of model structures. While LAGRAMGE 2.0 could not
nd models that fit well longer batches of data, this was likely due
o the unsuccessful parameter estimation with local approaches:
ith the use of global approaches, we expect that we will be able

o find such models (structures and parameters).

.3. Parameter values and practical parameter identifiability

The output of the parameter estimation procedure is a set of
arameter values that is found by the optimization method to
eproduce the experimental behavior best, i.e., with a smallest
odel error compared to all other investigated parameter solu-

ions. If we have synthetic data, generated by the simulation of the
odel with a specific parameter values, then it is easer to assess the

erformance of optimization methods, as we know the “true” set
f parameter values. Related to this, Table 7 in Appendix C com-
ares the reference parameter values given in Table 2 with the
est parameter values obtained using each of the five optimiza-
ion methods for parameter estimation based on both simulation
pproaches and synthetic data at all noise levels. Since the param-
ters are defined on quite different scales, the comparison is
resented in terms of relative error of the estimated parameters
ith respect to their reference values.

Despite the fact that DE finds parameter values that lead to low
alues of the objective function, especially from noise-free data or
ata with 5% noise, the obtained values can differ quite substan-
ially from the reference values for some of the parameters. While
ome parameters, such as c16, c20, and c22, are easy to estimate,
egardless of the simulation approach and amount of considered
oise, a few parameters, such as c7 and c14, are characterized
ith extremely high relative errors for almost all optimization
ethods. Overall, A717 seems to have problems with the esti-
ation of almost a half of the model parameters. In the case of

arameter estimation from real measured data, we  do not have
eference values, therefore it is difficult to draw firm conclusions,
ut it is clear that these values are far from the reference values.
he best estimated parameter values obtained from real data are
iven in Table 8 in Appendix C.

Evidently, many different sets of parameter values produce
ehaviors that resemble the reference model behavior, suggesting
hat the food web model for Lake Bled, as many others ecologi-
al models, has parameter identifiability problems. To empirically
onfirm this conjecture about our model, we performed a prac-
ical parameter identifiability test using the Monte Carlo-based
pproach: we used DE for parameter estimation, synthetic data
ith 20% noise, and model simulation based on the FS approach.

The results of the test (see Table 9 in Appendix C) confirm that

he considered parameter estimation task has identifiability issues.
he results reveal high relative errors of the estimated parameters,
reater than 20% for 11 parameters. The relative error of the param-
ters c4, c8, c10, c11, c12, c13, and c19 go up to 90%, while in extreme
odelling 226 (2012) 36– 61

cases the relative errors are over 175%, i.e., for parameters c3, c7, c9
and c14.

Furthermore, the calculated uncertainties (95% confidence
interval) of the parameters are large for almost all parameters: only
four parameters (c16, c20, c22, and c23) have uncertainty (relative to
the mean, see the results in the tenth column of Table 9 in Appendix
C) of approximately 20% of the mean estimate, which is the level
of the artificially introduced noise; six parameters have uncertain-
ties up to 80% of the mean estimate; the remaining parameters have
substantially larger uncertainties, which are especially large for the
parameters c7, c9 and c14.

If we  take a look at the histograms of the distributions of the
estimated parameter values (see Fig. 16 in Appendix C), we can see
that the estimated values for a half of the model parameters are
evenly distributed across the parameter ranges. More precisely, the
parameters c1, c4, c5, c7, c8, c11, c16, c17, c20, c21 and c22 have very
similar, almost uniform, distributions with higher concentration of
the estimates at the bounds of the prescribed range. For parame-
ter c4, the confidence interval does not include the reference value
of the parameter, emphasizing the complexity of the optimization
problem and the objective function. A closer look at the histograms
reveals that some pairs of parameters (like c1 and c5) have very sim-
ilar distributions of the estimates. Finally, we can notice that the
distributions of the estimates of only a few parameters, like c2, c15
and c23, have Gaussian-like shapes, meaning that the optimization
method is able to find the “true” solutions with high probability.

The correlation matrices for the estimated parameter values
(presented in Fig. 11a), re-confirm the practical identifiability
problems, by emphasizing two  pairs of correlated parameters:
the (c1,c5) pair with correlation R = 0.9234, and the (c6, c17) pair
with correlation R = 0.8272. The high pairwise correlations can be
observed visually in Fig. 11b and c, where the scatter plots of the
obtained solutions are combined with the contour plots of the
objective function landscape for these two pairs of parameters.
Both scatter plots show that the parameters estimates are in a
linear relationship. But, the more interesting observation comes
from the corresponding contour plots, indicating structural non-
identifiability of c1 and c6 in the considered search interval. We
observe very large flat regions in the considered part of the param-
eter space, where c1 (for the second pair c6) can take any value and
does not influence the objective function: only c5 (for the second
pair c17) has influence on the objective function.

6. Conclusions

We  addressed the task of parameter estimation (from mea-
sured data) in ordinary differential equation models of ecosystem
dynamics. The example model considered is a model of the food
web dynamics in Lake Bled, which is nonlinear (due to the non-
linearity of the behavior of the modeled system) and has many
parameters (high dimensionality). The measurements available are
sparse and imperfect (due to measurement noise). These proper-
ties make parameter estimation in ecological models in general
and the model of Lake Bled in particular a challenging optimization
problem, calling for the use of advanced optimization methods.

We conducted an experimental comparison of five optimiza-
tion methods: the differential ant-stigmergy algorithm (DASA), the
continuous differential ant-stigmergy algorithm (CDASA), particle-
swarm optimization (PSO), and differential evolution (DE) belong
to the class of meta-heuristic methods, while algorithm 717 (A717)
is a local-search derivative-based method. These methods were

considered in conjunction with two model simulation approaches,
teacher forcing simulation (TF) and full simulation (FS): the first
is fast, but requires full observability, while the second allows for
partial observability at a higher computational cost. We  used both
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ants only find paths composed of zero-valued offsets, the search
process is restarted by randomly selecting a new temporary-best
solution and reinitializing the pheromone distributions. Related to
K. Tashkova et al. / Ecolog

easured (real observational) data and synthetic (simulated) data
ith different amounts of artificial (Gaussian) noise: the use of

ynthetic data allowed us a more controlled study of the influence
f noise and simulation approach on the performance of parameter
stimation methods.

We compared the performance of the different optimization
ethods on the task at hand in terms of the quality of reconstruct-

ng the complete model dynamics (all system variables), as well
s the speed of convergence. Overall, the derivative-based method
A717) is clearly and significantly inferior to the meta-heuristic

ethods (DASA, CDASA, PSO, and DE). Among these four, DE per-
orms best in terms of the quality of reconstructed model dynamics
nd speed of convergence. DE is also the most precise method in
erms of the variance of the model error. These results hold for
oth real and artificial data, for both simulation approaches (TF and
S) considered, and for all amounts of noise added to the artificial
ata: nevertheless, noise in the measurements does influence the
erformance of the optimization methods, with higher amounts of
oise making the task more difficult. The results on measured data
how a clear advantage of using full simulation over using teacher
orcing simulation. Among the considered alternatives, parameter
stimation with the A717 method using the TF approach for model
imulation resulted in models with poorest quality.

In sum, the results of our comparative study lead to a clear
ecommendation: given their superior performance, the use of
eta-heuristic global methods for parameter estimation should

e highly preferred over the use of local search methods. While
he differences in performance between the different methods
ithin the class of meta-heuristics are not significant across all

onditions, differential evolution yields the best results in terms
f quality of system dynamics reconstruction as well as speed of
onvergence.

Several important directions for further work can be identi-
ed. The first of these is to integrate meta-heuristic parameter
stimation within automated modeling and learn new models of
he food web of Lake Bled (structure and parameters included)
rom data collected over a longer period of observation. Another
irection for further work is to confirm the conclusions drawn
rom this study by addressing the task of parameter estimation in
he context of other ecosystems, e.g., food web  models of other
quatic ecosystems. Next, we can consider other relevant aspects
f model quality in the objective function and formulate this new
ptimization problem as a single-objective or a multi-objective
ptimization task. Finally, we can extend the set of optimization
ethods applied to the parameter estimation task, considering

he use of other state-of-the-art approaches for parameter esti-
ation (e.g., Bayesian approaches) in the domain of ecological
odeling.

ppendix A. Optimization methods

.1. The (continuous) differential ant-stigmergy algorithm

The differential ant-stigmergy algorithm (DASA) was  initially
roposed by Korošec (2006).  It is a version of an ant colony
ptimization (ACO) meta-heuristic (Dorigo and Stützle, 2004)
esigned to successfully cope with high-dimensional continuous
ptimization problems. The rationale behind the algorithm is in
emorizing the “move” in the search space that improves the

urrent best solution, and using it in further search. The algorithm
ses pheromones as a means of communication between ants
a case of stigmergy), combined with a graph representation of

he search space. The most important property of DASA is that it
ransforms the optimization problem into a graph-search problem
y fine-grained discretization of the continuous domain of the
arameter differences (unlike the common way of discretizing
odelling 226 (2012) 36– 61 53

parameters values). The parameter differences assigned to the
graph vertices are used to navigate through the search space. The
DASA approach that we present here is slightly different from the
initial DASA version (Korošec, 2006): it is described in detail by
Korošec et al. (in press),  where a reference to the available source
code2 is given. The later was used in our experimental evaluation.

First, DASA transforms the D-dimensional optimization problem
into a graph-search problem. The differential graph used in DASA
is a directed acyclic graph obtained by fine-grained discretization
of the continuous parameters’ differences (offsets). The graph has
D layers with vertices, where each layer corresponds to a single
parameter. Each vertex of the graph corresponds to a parameter
offset value that defines a change from the current parameter value
to the parameter value in the next search iteration. Furthermore,
each vertex in a given layer is connected with all vertices in the
next layer. The set of possible vertices (discretized offset values) for
each parameter depends on the parameter’s range, the discretiza-
tion base b, and the maximal precision of the parameters �, which
defines the minimal possible offset value. Ants use these param-
eters’ offsets to navigate trough the search space. At each search
iteration, a single ant positioned at layer � moves to a specific ver-
tex in the next layer � + 1, according to the amount of pheromone
deposited in the graph vertices belonging to the (� + 1)th layer: the
probability of a specific vertex to be chosen is proportional to the
amount of pheromone deposited in the vertex.

Second, DASA performs pheromone-based search that involves
best-solution-dependent pheromone distribution. The amount of
pheromone is distributed over the graph vertices according to the
Cauchy probability density function (PDF) (Rice, 2007). DASA main-
tains a separate Cauchy PDF for each parameter. Initially, all Cauchy
PDFs are identically defined by a location offset l = 0 and a scal-
ing factor s = 1. As the search process progresses, the shape of the
Cauchy PDFs changes: PDFs shrink as s decreases and stretch as s
increases, while the location offsets l move towards the offsets asso-
ciated with the better solutions. The search strategy is guided by
three user-defined real positive factors: the global scale increase
factor s+, the global scale decrease factor s−, and the pheromone
evaporation factor �. In general, these three factors define the bal-
ance between exploration and exploitation in the search space.
They are used to calculate the values of the scaling factor, s = f(s+,
s−, �), and consequently influence the dispersion of the pheromone
and the moves of the ants.

The main loop of DASA consists of an iterative improvement
of a temporary-best solution, performed by searching (construct-
ing) appropriate offset paths in the differential graph. The search
is carried out by m ants, all of which move simultaneously from a
starting vertex to the ending vertex at the last level, resulting in
m constructed paths. Based on the found paths, DASA generates
and evaluates m new candidate solutions. The best among the m
evaluated solutions is preserved as a current-best solution. If the
current-best solution is better than the temporary-best solution,
the later is replaced, while the pheromone amount is redistributed
along the path corresponding to the temporary-best solution and
the scale factor is accordingly modified to improve the convergence.
If there is no improvement over the temporary-best solution, then
the pheromone distributions stay centered along the path corre-
sponding to the temporary-best solution, while their shape shrinks
in order to enhance the exploitation of the search space. If for some
predetermined number of tries (in this case D2 for all ants) all the
2 http://csd.ijs.si/korosec/dl/dasa.rar, last visited June 2011.

http://csd.ijs.si/korosec/dl/dasa.rar
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6 – “DE/best/1/bin”, 7 – “DE/rand/1/bin”, 8 – “DE/rand-to-
best/1/bin”, 9 – “DE/best/2/bin”, and 10 – “DE/rand/2/bin”. As the
original code does not check whether the newly generated solu-
4 K. Tashkova et al. / Ecolog

his, DASA keeps information about a globally best solution, called
lobal-best solution. This solution is the best over all restarted
earches, while the temporary-best solution is the best solution
ound within one search (restart).

The continuous differential ant-stigmergy algorithm (CDASA) is
n extended version of DASA based on the idea of continuous space
xploration with probabilistic sampling (Korošec, and Šilc, 2011).
n contrast to DASA, CDASA uses arbitrary real offsets sampled
rom the inverse Cauchy probability function to navigate through
he search space: the initial step of graph representation of the
earch space is omitted, consequently CDASA does not need the
raph-related parameters (the discretization base and the max-
mal precision of the parameters). Like DASA, CDASA performs
heromone-based search that involves best-solution-dependent
heromone distribution. The amount of pheromone is distributed
ccording to the Cauchy PDF as well: the only difference is that the
heromones are spread over a continuous domain of the parameter
ffsets. Regarding the search procedure, described in the previ-
us paragraph, CDASA involves a small positive real user-defined
hreshold  ̨ that determines the reset point: if for some predeter-

ined number of tries (in this case D2 for all ants) all the ants only
nd paths composed of offsets smaller than ˛, the search process

s restarted.

.2. Particle swarm optimization

Particle swarm optimization (PSO) is a stochastic population-
ased optimization technique developed by Kennedy and Eberhart
1995) (Engelbrecht, 2005) inspired by the concept of social behav-
or of biological organisms, e.g., bird flocking or fish schooling
Reynolds, 1987). A PSO algorithm maintains a swarm of particles,
orresponding to a population of candidate solutions. Every parti-
le moves (“flies”) in the search space, adjusting its position and
elocity, according to its own experience and the social experience
btained by social interaction with the neighboring particles.

PSO evidently shares similarities with evolutionary algorithms,
eveloped on the basis of the Darwinian theory of evolution: both
re inspired from natural phenomena and both maintain a popula-
ion of candidate solutions and iteratively update (transform) the
opulation using a variety of operators in order to find the optimal
olution. However, PSO does not have selection, crossover or muta-
ion operators: the main driving force of the swarm is the social
nteraction implicitly encoded in the social network structure. The
ocial network structure is determined by the neighborhood of each
article, within which the particles can communicate by exchang-

ng information about their success in the search space.
The basic PSO method initializes the swarm with S uniformly

andom positioned particles in the search space. The search for the
ptimal solution proceeds in iterations. In every iteration, the cur-
ent position (at time t) of the particle x(t) is incrementally updated
ith the new velocity v(t + 1) (i.e., x(t + 1) = x(t) + v(t + 1)), which

n the other hand is updated by using two sources of information.
he first one, called cognitive component, reflects the experien-
ial knowledge of the particle, which is its best position xp(t) found
o far. The second one, called social component, reflects the local
nowledge of the search space obtained from the particle’s neigh-
orhood with size K and is represented by xn(t), the best position
ound by the neighborhood of particles. The resulting formula for
pdating the velocity is then v(t + 1) = v(t) + c1r1(xp(t) − x(t)) +
2r2(xn(t) − x(t))), where c1 and c2, called acceleration coefficients,
re positive real values that balance the influence of the cognitive
nd the social component, while r1 and r2 are random factors uni-

ormly sampled from the unit interval that introduce a stochastic
omponent in the search.

The particular version of PSO used in our experimental
valuation is a standard variation of the basic PSO (the implemen-
odelling 226 (2012) 36– 61

tation is available online3), which includes only one acceleration
coefficient c and an additional mechanism to control the explo-
ration and exploitation in the search space via the parameter
w, called inertia weight. The inertia weight basically controls
the influence of the previous search direction on the new veloc-
ity. At each iteration, each particle chooses a few particles to
be its informants, selects the best one from this set (neigh-
borhood), and takes into account the information given by the
chosen particle (the best informant). If there is no particle better
than itself, either the informant stays the same (default set-
ting), or the informant is chosen randomly (optional setting).
The velocity is updated according to the expression v(t + 1) =
wv(t) + g(t) − x(t) + H(g(t), ‖g(t) − x(t)‖), where the function H
returns a random point inside the hypersphere with center of grav-
ity g(t) and radius ‖g(t)− x(t) ‖. The center of gravity is defined as
g(t) = (1/3)x(t) + (1/3)(x(t) + c(xp(t) − x(t)) + (1/3)(x(t) + c(xn(t) − x(t)).

A.3. Differential evolution

Differential evolution (DE) is a simple and efficient population-
based heuristic for optimizing real-valued multi-modal functions,
introduced by Storn and Price (1995, 1997).  It belongs to the class of
evolutionary algorithms based on the idea of simulating the natural
evolution of a population P of individuals (candidate solutions) via
the processes of selection, mutation and crossover.

The main difference between traditional evolutionary algo-
rithms and DE is in the reproduction step, where for every
candidate individual xc an offspring u is created by using a
mutated individual v. The latter is obtained by a simple arith-
metic (differential) mutation operation over a set of parents
(e.g., x1, x2, x3) selected at random or by quality, based on one
difference vector, i.e., v = x1 + F · (x2 − x3). The rate at which the
population evolves can be controlled by a scale (mutation) factor
F, a user-defined positive real number from the interval [0, 2].
To complement the differential mutation strategy, DE employs
uniform crossover (also known as discrete recombination) over
the candidate and mutated individual in order to generate the
offspring u. A user-specified crossover factor CR ∈ [0, 1] is used to
control the fraction of parameter values copied from the mutated
individual to the offspring. Finally, the offspring is evaluated
and if its fitness (objective function) is better, it replaces the
corresponding candidate individual in the population.

Depending on the specific mutation and crossover procedure,
one can chose among several DE strategies identified using the
name format “DE/x/y/z”. In the name format, x represents a string
denoting the solution to be perturbed: (i) a solution randomly cho-
sen from the population (x =“rand”); (ii) the current best solution
(x = “best”); or (iii) a solution based on the candidate solution com-
bined with a difference vector towards the current best individual
(x = “rand-to-best”), i.e., xc + F · (xbest − xc). Further, y represents the
number of difference vectors considered for perturbation, while z
stands for the type of crossover being used that can be exponential
(z = “exp”) or binomial (z = “bin”).

The implementation used in our experimental evaluation is
based on the implementation of the DE algorithm described in
the technical report by Storn and Price (1995),  available online.4

It includes 10 search strategies, enumerated from one to 10 in
the following order: 1 – “DE/best/1/exp”, 2 – “DE/rand/1/exp”, 3 –
“DE/rand-to-best/1/exp”, 4 – “DE/best/2/exp”, 5 – “DE/rand/2/exp”,
3 http://www.particleswarm.info/standard pso 2011 c.zip, last visited June 2011.
4 http://http.icsi.berkeley.edu/ storn/code.html/DeWin.zip, last visited June 2011.

http://www.particleswarm.info/standard_pso_2011_c.zip
http://http.icsi.berkeley.edu/~storn/code.html/DeWin.zip
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ions are allowed, i.e., lie within the prescribed parameter ranges,
e slightly modified the code: if the new solution is outside the

pecified bounds, it is set to the closest range limit.

.4. Algorithm 717

Algorithm 717 (A717) is a set of modules for solving the
arameter estimation problem in nonlinear regression models like
onlinear least-squares, maximum likelihood and some robust
tting problems (Bunch et al., 1993). The basic method is a general-

zation of NL2SOL – an adaptive nonlinear least-squares algorithm
Dennis et al., 1981), which uses a model/trust-region technique
or computing trial steps along with an adaptive choice for the
essian model. In fact, NL2SOL is a variation of Newton’s method

augmented Gauss–Newton method), in which a part of the Hes-
ian is computed exactly and a part is approximated by a secant
quasi-Newton) updating method. Thus, the algorithm some-
imes reduces to the Gauss–Newton or the Levenberg–Marquardt

ethod.
In order to promote convergence from poor starting guesses, the

lgorithm implements the idea of having a local quadratic model
i of the objective function f at the current best solution ci and an
stimate of an ellipsoidal region centered at ci in which qi is trusted
o represent f. So the next point, ci+1, or the next trial step, is chosen
o approximately minimize qi on the ellipsoidal trust-region. The
nformation obtained for f at ci+1 is used for model updating and
lso to resize and reshape the trust-region.

Among the modules, we can chose the ones for unconstrained
ptimization, or the ones that use simple bound constraints on
he parameters. Furthermore, we can choose between modules
hat involve approximate computation of the needed derivatives
y finite differences, and modules that expect the derivatives of
he objective function to be provided by the routine that calls
hem.

In this work, we used the original implementation of A717 avail-
ble online.5

ppendix B. Boxplots

Boxplots provide a convenient graphical representation of the
ispersion, skewness, and outliers in a single given data sample,
ut also enable a visual comparison of different data samples.
he top and bottom edge of the box in a boxplot represent the

5th and 75th percentiles of the sample, respectively; in con-
equence, the box height corresponds to the interquartile range
IQR). The line in the middle of the box corresponds to the sam-
le median. The sample mean is represented with a diamond. The

5 http://calgo.acm.org/717.gz, last visited June 2011.
odelling 226 (2012) 36– 61 55

“whiskers”, i.e., the two  lines extending above and below the box,
represent the sample range. The maximal length of the whiskers
is set to 1.5 · IQR. Data points above and below the whiskers’
end points correspond to outliers and are represented with “+”
markers.

The boxplots presented in this paper were generated using
the MATLAB statistical toolbox.6 The boxplot function in MAT-
LAB has an additional option “notch” that, if it is on, displays the
variability of the median in the data samples along with the box-
and-whisker diagram. These comparison intervals represented by
triangular markers on the boxes are called notches. The width of a
notch is computed so that boxplots whose notches do not overlap
have medians that are significantly different at the 0.05 significance
level, assuming a normal data distribution.

Appendix C. Additional results

Additional results regarding the task of parameter estimation
in the model of Lake Bled are summarized in Tables 7–9 and
Fig. 12–16.

Table 7 summarizes the relative errors of the estimated model
parameters obtained by the five optimization methods (DASA,
CDASA, PSO, DE, A717) using the two simulation approaches (TF,
FS) and four synthetic datasets (four noise levels).

Table 8 presents the best parameter values as estimated by the
five optimization methods (DASA, CDASA, PSO, DE, A717) using the
two simulation approaches (TF, FS) and real data measured in 1996.

Table 9 summarizes the statistics for the estimated model
parameters with the Monte Carlo-based approach, using DE as the
baseline estimation method, full model simulation and synthetic
noisy data (s = 20%).

Fig. 12 shows the phosphorus dynamics predicted by the best
food web models obtained by parameter estimation with TF from
measured data.

Fig. 13 presents the D. hyalina dynamics predicted by the best
food web models obtained by parameter estimation with TF from
measured data.

Fig. 14 depicts the dynamics of the best food web  mod-
els obtained by parameter estimation with TF from measured
data.

Fig. 15 depicts the dynamics of the best food web models
obtained by parameter estimation with TF from data measured in
1996 on data measured in 1997.
Fig. 16 visualizes the distribution of the estimated model param-
eters generated with a Monte Carlo-based approach, using DE as the
baseline estimation method, full model simulation and synthetic
noisy data (s = 20%).

6 http://www.mathworks.com/help/toolbox/stats/boxplot.html, last visited June
2011.

http://calgo.acm.org/717.gz
http://www.mathworks.com/help/toolbox/stats/boxplot.html
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Fig. 12. Simulated dynamics of the best food web models obtained by parame-
ter  estimation with TF from synthetic data: phosphorus. The graphs represent the
observed behavior vs. that predicted by the best model in the case of parameter
estimation from synthetic: (a) noise-free data, s = 0%; (b) noisy data, s = 5%; (c) noisy
data, s = 20%; and (d) noisy data, s = 50%. The observed behavior is represented by a
black dotted line. The predicted behaviors are represented by solid lines with a dif-
ferent color for each optimization method: orange for DASA, blue for CDASA, green
for  PSO, red for DE, and cyan for A717. Note that, in the case of noise-free data, there
is  an almost perfect match between the red solid line and the black dotted line,
therefore the last is not easy to discern. (For interpretation of the references to color
in  this figure legend, the reader is referred to the web  version of this article.)
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Fig. 13. Simulated dynamics of the best food web model obtained by parameter esti-
mation with TF from synthetic data: D. hyalina. The graphs represent the observed
behavior vs. that predicted by the best model in the case of parameter estimation
from synthetic: (a) noise-free data, s = 0%; (b) noisy data, s = 5%; (c) noisy data, s = 20%;
and  (d) noisy data, s = 50%. The observed behavior is represented by a black dotted
line. The predicted behaviors are represented by solid lines with a different color for
each optimization method: orange for DASA, blue for CDASA, green for PSO, red for
DE, and cyan for A717. Note that, in the case of noise-free data, there is an almost
perfect match between the red solid line and the black dotted line, therefore the
last is not easy to discern. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 14. Simulated dynamics of the best food web models obtained by parameter
estimation with TF from measured data. The graphs represent the observed behavior
vs. that predicted by the best food web model for: (a) phosphorus; (b) phytoplank-
ton; and (c) D. hyalina. The observed behavior is represented by a black dotted line,
obtained by interpolation of the real measurements marked with “×”. The predicted
behavior is represented by solid lines with a different color for each optimization
method: orange for DASA, blue for CDASA, green for PSO, red for DE, and cyan for
A717. (For interpretation of the references to color in this figure legend, the reader
is  referred to the web version of this article.)

Table 7
Relative errors of the best parameter values estimated from synthetic data. A summary of the relative errors of the estimated parameters obtained by the five optimization
methods (DASA, CDASA, PSO, DE, and A717) using the two simulation approaches (TF and FS) and four synthetic datasets (four noise levels). The relative error(given in
percent [%]) of an estimated parameter c is calculated with regard to its reference values c* by the formula |c* − c|/c*. For an explanation of the estimated model parameters
refer  to Table 2.

c c* Noise TF FS

DASA CDASA PSO DE A717 DASA CDASA PSO DE A717

c1 0.0023 0% 18 6 190 4 1143 16 39 452 0 17 298
5%  49 38 170 8 41 408 47 27 51 9 18 391

20%  66 34 432 10 17 826 21 13 494 8 11 977
50%  6116 1137 2532 1885 5888 12 804 34 316 19 364 40 022 38 961
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Fig. 15. Validation of the best food web  model obtained by parameter estimation
with TF from data measured in 1996 on data measured in 1997. The graphs represent
the  observed behavior vs. that predicted by the best food web  model for: (a) phos-
phorus; (b) phytoplankton; and (c) D. hyalina. The observed behavior is represented
by  a black dotted line, obtained by interpolation of the real measurements marked
with “×”. The predicted behavior is represented by solid lines with a different color
for each optimization method: orange for DASA, blue for CDASA, green for PSO, red
for  DE, and cyan for A717. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Table 7 (Continued)

c c* Noise TF FS

DASA CDASA PSO DE A717 DASA CDASA PSO DE A717

c2 0.072 0% 60 5 77 6 38 40 4 69 10 65
5%  57 7 87 9 83 27 10 64 9 77

20%  72 17 77 16 84 7 41 61 51 1
50%  87 87 87 87 39 51 86 24 106 96

c3 0.07 0% 99 26 64 123 891 108 96 782 9 208
5%  99 97 89 43 141 98 28 61 16 716

20%  99 99 20 101 72 48 8 616 170 98
50%  275 62 99 639 69 1288 848 801 1021 31

c4 0.0026 0% 62 45 102 54 427 61 151 62 14 788
5%  62 19 970 23 1885 34 62 61 29 1031

20%  62 62 52 61 802 62 62 62 61 18 755
50%  24 62 61 61 3694 325 6179 11 286 11 211 7787

c5 0.0023 0% 71 15 208 3 38 055 27 2 424 0 1230
5%  96 5 239 1 8774 27 5 44 3 8686

20%  141 9 313 10 4459 22 58 462 7 5009
50%  4331 885 3254 1504 29 790 2121 16 109 17 556 29 290 22 494

c6 0.21 0% 633 12 550 38 383 392 856 756 15 1035
5%  474 597 779 34 126 1328 1030 1281 38 477

20%  1209 180 1302 14 683 201 393 806 38 482
50%  57 957 784 75 1017 1329 791 1213 1312 944

c7 0.00042 0% 99 945 527 60 991 18 568 426 21 734 27 493 51 064 2 18 091
5%  62 971 18 369 89 901 100 11 385 69 747 45 826 29 735 48 12 128

20%  207 937 8729 147 652 100 104 853 8556 16 752 77 050 100 6273
50%  5128 163 919 377 231 895 316 767 7881 5491 18 186 10 401 5732

c8 0.5 0% 75 3 43 1 45 27 48 73 10 19
5%  62 37 79 30 64 56 80 33 19 11

20%  74 64 79 53 27 26 56 73 10 45
50%  80 80 80 80 50 80 77 25 41 8

c9 0.5 0% 83 654 199 869 48 29 34 145 820 380
5%  205 414 202 898 455 96 862 51 609 511

20%  91 681 125 362 31 89 351 225 40 329
50%  424 34 290 264 60 876 279 331 891 821

c10 0.58 0% 97 80 13 10 18 67 0 54 1 112
5%  5 65 97 8 374 144 43 97 2 37

20%  19 52 96 81 125 417 93 54 38 169
50%  96 84 155 98 86 191 416 85 43 37

c11 0.56 0% 79 70 96 90 34 40 72 86 88 76
5%  96 97 74 88 76 79 90 34 85 56

20%  78 96 78 37 88 71 23 74 40 3
50%  63 32 100 6 55 26 15 57 54 34

c12 0.14 0% 489 50 455 1 215 36 432 203 1 441
5%  614 395 533 0 295 614 61 49 4 237

20%  614 500 230 32 78 465 285 142 39 484
50%  614 614 82 614 548 131 614 614 612 345

c13 0.01 0% 11 12 37 10 3089 4 1 531 2 8103
5%  22 41 60 11 4428 6 11 46 11 3726

20%  33 26 208 23 287 420 30 310 53 5454
50%  614 614 82 614 548 131 614 614 612 345

c14 0.001 0% 90 89 112 041 1757 89 314 90 2772 147 299 285 51 256
5%  2929 5153 4754 716 133 905 90 44 697 404 122 920

20%  89 90 147 399 87 144 470 62 937 52 116 046 77 88 209
50%  90 90 90 90 28 962 90 308 69 970 3225 36 989

c15 3 0% 28 9 29 0 5 31 4 5 0 26
5%  9 8 33 5 1 12 4 29 5 5

20%  5 22 31 19 5 8 23 6 13 25
50%  10 33 33 32 22 2 23 28 33 26

c16 20 0% 10 0 0 9 1 10 3 2 9 3
5%  8 10 2 8 2 10 9 9 1 4

20%  10 6 4 9 8 10 10 1 10 10
50%  10 3 1 10 9 4 1 3 1 7

c17 16 0% 37 11 1 37 1 27 17 6 15 10
5%  35 24 20 27 22 34 17 14 36 27

20%  37 0 1 19 19 14 10 16 35 1
50%  17 5 3 21 13 17 14 22 37 19

c18 16 0% 25 1 16 4 9 25 23 6 25 11
5%  6 19 9 25 21 15 24 2 9 11

20%  25 25 3 25 22 25 11 3 20 24
50%  25 19 0 25 16 37 4 18 35 8

c19 2 0% 100 74 66 2 88 39 74 83 0 48
5%  100 66 62 0 84 50 22 10 0 55

20%  100 98 1 0 89 46 5 94 0 93
50%  100 0 81 0 34 0 64 83 0 70

c20 20 0% 10 1 10 1 4 10 9 2 9 6
5%  10 1 4 5 5 2 3 5 10 10

20%  3 8 4 5 8 8 9 1 6 10
50%  10 5 4 10 6 5 9 4 10 5
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Table  7 (Continued)

c c* Noise TF FS

DASA CDASA PSO DE A717 DASA CDASA PSO DE A717

c21 3 0% 33 33 0 4 30 22 4 23 0 8
5%  7 10 31 3 14 25 15 32 3 8

20%  11 25 32 33 17 15 21 24 20 33
50%  33 2 7 15 10 33 20 31 33 16

c22 20 0% 10 4 2 2 8 10 10 0 10 4
5%  10 4 9 9 1 10 8 1 7 7

20%  10 2 5 5 8 1 2 6 1 4
50%  1 10 6 10 7 9 9 7 6 5

c23 170 0% 12 11 38 1 10 6 37 47 0 16
5%  17 26 39 0 7 24 47 19 1 18

20%  14 48 67 9 18 18 44 53 2 1
50%  35 1 61 12 70 12 9 13 12 61

Table 8
Best parameter values estimated from measured data. Best parameter values as estimated by the five optimization methods (DASA, CDASA, PSO, DE, and A717) using the
two  simulation approaches (TF and FS) and real measured data for 1996. Note that the reference solution c* corresponding to the artificial data case is given for comparison,
since  the “true” solution is unknown.

c c* TF FS

DASA CDASA PSO DE ALG717 DASA CDASA PSO DE ALG717

c1 0.0023 0.0309 0.0010 0.0020 0.0118 0.0965 0.0020 0.0037 0.0292 0.0010 0.4531
c2 0.072 0.0090 0.0090 0.0090 0.0101 0.0139 0.1491 0.1349 0.0223 0.1499 0.0758
c3 0.07 0.4743 0.0010 0.0870 0.3277 0.0448 0.0012 0.0048 0.0258 0.0018 0.5381
c4 0.0026 0.0010 0.0010 0.0053 0.0010 0.0832 0.0763 0.0916 0.0299 0.0672 0.0236
c5 0.0023 0.0223 0.0065 0.0106 0.0128 0.8119 0.0026 0.0041 0.0133 0.0018 0.2243
c6 0.21 0.0500 2.3011 0.6789 0.0500 1.3045 1.2918 0.6295 2.5939 0.1798 2.6245
c7 0.00042 0.0035 1.0090 0.2823 0.0016 4.4166 0.0335 0.0186 0.2668 6.62E-07 0.3121
c8 0.5 0.1032 0.1000 0.1396 0.1000 0.1163 0.1001 0.1004 0.1020 0.2179 0.3474
c9 0.5 1.5608 0.1783 1.8332 4.0940 1.0316 0.8618 3.2755 1.6837 4.9873 2.5992
c10 0.58 3.0000 2.5544 2.9578 3.0000 1.8641 0.6507 0.3040 0.2999 0.0457 0.2130
c11 0.56 0.0329 0.2572 0.0198 0.0140 0.6284 0.5539 0.3663 0.6502 1.0000 0.7937
c12 0.14 1.0000 1.0000 0.8136 0.8680 0.2505 0.7417 0.5360 0.5817 0.5115 0.9699
c13 0.01 0.0257 0.0288 0.1430 0.0257 0.1490 0.2228 0.1662 0.5147 0.0228 0.5392
c14 0.001 0.0001 0.0001 1.2673 0.0001 1.2660 1.4997 1.3878 1.2036 0.0001 0.8656
c15 3 2.0000 3.1233 2.8119 2.1071 3.7151 2.0055 2.0011 2.9836 3.4209 3.0201
c16 20 21.9990 21.7645 18.6412 18.8725 18.1007 18.0180 19.1627 18.2608 18.0075 19.4007
c17 16 19.4268 11.9359 13.3350 20.0000 15.2645 16.8503 13.7229 13.8550 12.3858 11.6181
c18 16 20.0000 16.0744 17.5405 20.0000 17.3212 10.0071 11.8315 16.8954 16.4055 19.1534
c19 2 3.3257 3.0596 2.0336 4.0000 3.7967 3.3049 2.3678 3.7292 2.0290 3.8328
c20 20 21.7262 20.2927 20.1014 22.0000 19.4098 21.6538 20.0177 21.1171 21.5881 21.2931
c21 3 4.0000 3.1173 3.0174 4.0000 3.6806 4.0000 3.9998 3.4659 4.0000 3.5911
c22 20 21.9924 19.3173 20.8803 21.4531 19.1552 18.0063 19.5728 20.7855 21.1962 19.9506
c23 170 154.0525 180.9137 224.2833 150.0000 196.6290 150.3526 169.6731 258.5966 150.0161 216.1660

Table 9
Summary statistics for the parameter values generated with a Monte Carlo-based approach (estimated by DE using full simulation and synthetic noisy data, s = 20%). The
column � represents the mean values of estimated parameters; � represents the standard deviation of the estimated parameters; |c* − �|/c* is the relative error; cl is the
2.5  percentile of the sample values, the lower bound of the 95% confidence interval; cm is the 50 percentile of the sample values, the median; cu is the 97.5 percentile of the
sample  values, the upper bound of the 95% confidence interval; CI = cu − cl is the length of the 95% confidence interval; CI/� is the confidence interval relative to the mean;
the  last column represents the number of outliers. The complete sample size is 400. For calculating the statistics, we used a reduced sample with size 221, without outliers.

c c* � � |c* − �|/c* [%] cl cm cu CI CI/� [%] Outliers

c1 0.0023 0.003 0.001 20.0 0.001 0.003 0.005 0.004 150.7 6
c2 0.072 0.081 0.013 12.1 0.059 0.080 0.108 0.049 60.4 8
c3 0.07 0.193 0.088 175.6 0.055 0.182 0.400 0.344 178.5 6
c4 0.0026 0.001 0.000 55.0 0.001 0.001 0.002 0.001 108.5 74
c5 0.0023 0.003 0.001 17.9 0.001 0.003 0.004 0.003 111.9 10
c6 0.21 0.202 0.057 3.8 0.119 0.193 0.325 0.206 101.8 11
c7 0.00042 0.001 0.001 194.8 0.000 0.001 0.005 0.005 390.8 25
c8 0.5 0.662 0.254 32.4 0.101 0.741 0.900 0.799 120.8 0
c9 0.5 1.553 1.414 210.5 0.133 1.000 4.864 4.731 304.7 0
c10 0.58 0.961 0.520 65.6 0.047 0.940 2.336 2.290 238.3 60
c11 0.56 0.338 0.298 39.7 0.029 0.227 0.990 0.962 284.6 0
c12 0.14 0.267 0.126 90.4 0.107 0.244 0.639 0.532 199.7 41
c13 0.01 0.016 0.005 56.0 0.008 0.015 0.027 0.019 119.7 16
c14 0.001 0.027 0.043 2607.8 0.000 0.002 0.155 0.155 572.3 47
c15 3 2.983 0.452 0.6 2.003 3.005 3.742 1.738 58.3 0
c16 20 20.028 1.519 0.1 18.000 20.154 21.993 3.992 19.9 0
c17 16 14.176 3.715 11.4 10.014 13.268 19.946 9.932 70.1 0
c18 16 18.059 2.880 12.9 10.170 19.430 19.998 9.828 54.4 0
c19 2 2.510 0.801 25.5 2.000 2.005 4.000 2.000 79.7 0
c20 20 19.204 1.429 4.0 18.000 18.389 21.986 3.986 20.8 0
c21 3 2.477 0.658 17.4 2.000 2.043 3.993 1.993 80.5 0
c22 20 20.381 1.516 1.9 18.004 20.836 22.000 3.995 19.6 0
c23 170 170.427 8.858 0.3 155.096 170.326 189.322 34.226 20.1 7
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Fig. 16. Histograms of the parameter values generated with a Monte Carlo-based approach (estimated by DE using full simulation and synthetic noisy data, s = 20%). The red
vertical  line represents the “true” value of the estimated parameter; the green vertical line represents the mean value of the sample �; the yellow horizontal line visualizes
the  uncertainty of the estimated parameter, i.e., its 95% confidence interval. The width of the bins h for a single histogram is calculated according to the Freedman–Diaconis
rule  h = 2 · IQR/ 3√N, where IQR is the interquartile range of the sample and N is the size of the filtered sample (it includes the estimates obtained by those datasets that did
not  produce any outlier over all parameters), here N = 221. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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