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In this paper, we apply automated modelling method Lagramge to the task of modelling

phytoplankton dynamics in Lake Glumsø, Denmark. The approach is based on integrat-

ing expert knowledge in the process of automated model induction from measured data.

It supports modelling of ecosystem dynamics with ordinary differential equations by fol-

lowing the mass conservation law. The data set used in this paper comprises 2 years daily

measurements of data needed for phytoplankton modelling in lake. In order to have suf-

ficient data set for training and testing the models, the entire data set was divided in

two parts, each containing 1 year of daily measurements. The expert knowledge supplied

to Lagramge consists of elementary models of the basic ecological processes related to
the food web dynamics and rules for combining elementary into complex models of the

whole system. By applying Lagramge on Lake Glumsø we discovered a set of phytoplank-

ton models that showed good fit on the training data set. The models were evaluated

by simulating them on testing data set, which revealed good performance of the mod-

els.

the early days of the development of these tools (Todorovski
and Džeroski, 1997), the knowledge had to be provided as
1. Introduction

Lake ecosystems are complex dynamic systems. Modelling of
such ecosystems is a great challenge to the scientists, who
are progressively improving and making more and more com-
plex models. In general, we distinguish between two basic
approaches to mathematical modelling. Following the deduc-
tive approach (knowledge driven), the model is derived from
the basic background knowledge (e.g. basic physical, chemical
and biological principles) from the domain of use. The second,
inductive approach (data driven) is based on exploring some
space of candidate models and asses their accuracy against

measured data. The model that fits measured data best is the
result of the induction.
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In this paper we apply an approach to modelling, which
combines advantages of both the domain expert knowledge
and induction from measured data. The domain knowledge is
gathered in a knowledge library, which is used to guide the pro-
cess of induction. The library consists of a set of elementary
models, mainly descriptions of basic generic processes as well
as rules for building complex models as interactions of these
processes. Knowledge encoded in the library typically fol-
lows the basic principles in the domain of interest (Todorovski
and Dzeroski, 2001; Langley et al., 2002; Todorovski, 2003). In
an explicit definition of the space of candidate models. Now,
these tools allow the user to provide higher-level domain
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nowledge about building mathematical models of complex
eal-world systems.

In this paper we focus on the application of the newly
eveloped knowledge library about modelling of lake ecosys-
ems (Atanasova, 2005; Atanasova et al., 2006a) on a real-world
omain, i.e., Lake Glumsø, Denmark. The library comprises
any known concepts in the domain of lake modelling, which

an be found in literature (e.g. Jørgensen and Bendoricchio,
001; DeAngelis, 1992; Chapra, 1997; and so on). Together with
he automated modelling method Lagramge 2.0 the library
as already successfully applied to other lakes, i.e., Lake Bled

Atanasova et al., 2006b) and Lake Kasumigaura (Atanasova et
l., 2006c).

Lake Glumsø has been tackled with machine learning
ethods previously (Todorovski et al., 1998; Todorovski, 2003)
ith the earlier version of Lagramge, i.e., the version V 1.0

hat required a hand crafted grammar has been used to dis-
over a phytoplankton model (Todorovski et al., 1998). The
ame model was (re)discovered with the latest version V 2.0
f Lagramge (Todorovski, 2003), by using a simple knowledge

ibrary. Slightly different model was discovered by implement-
ng a complex knowledge library (Atanasova, 2005). All of these
xperiments were performed on a small data set that did
ot allow for successful model evaluation. Just recently we
btained additional data for Lake Glumsø (Jørgensen, 2004),

.e., 2 years data set of daily measurements. This data set
llows for correct model induction and successful model eval-
ation as well, i.e., inducing models on 1 year data and testing
n the other year (unseen) data.

The paper is organized as follows: in the next section we

riefly explain the method and the procedure of introduction
f the expert knowledge about a specific ecosystem to the
odel discovery tool, i.e., Lagramge (if not specified, version
2.0 is meant). In Section 3 we present the data set and the

ig. 1 – An automated modelling framework based on the integr
rocess of equation discovery.
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experiments performed. Section 4 gives the results and dis-
cussion. Finally, the conclusions are summarized in Section
5.

2. The method: automated modelling
framework

2.1. Conceptual modelling of dynamic ecosystems

In order to compose a mathematical model of a dynamic
ecosystem we typically start with setting a conceptual model
of the system model. In the conceptual model, ecological mod-
eller determines (1) the relevant variables in the system and (2)
the bio-geo-chemical processes that connect these variables.
In the next step the modeller selects mathematical formu-
lations for the processes included, and finally estimates the
constant parameters’ values in the mathematical model (by
hand or numerically, by fitting the parameters to the mea-
surements). In the later phase the modeller evaluates the
obtained model by performing its simulations on test data
sets. However there is an important issue to be raised here,
i.e., has the modeller selected the correct mathematical struc-
ture (and parameters) for the selected concept? This issue can
be addressed systematically using computational methods for
modelling.

2.2. Lagramge method

Lagramge is an automated modelling tool for a given

conceptual model, perform heuristic searches for optimal
mathematical model structure and optimal model parame-
ters, that is structure and parameters that fit measurement
data best. The search is performed based on a knowledge

ation of domain-specific modelling knowledge in the
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inorganic nutrient (dissolved phosphorus), phytoplankton
concentration expressed as Chl-a, and zooplankton concen-
tration (expressed in dry weight, DW). The data used for
modelling are depicted in Table 1.

Table 1 – Measured variables in Lake Glumsø

Variable Description Unit

Temp Water temperature ◦C
Light Light radiation W/m2

q in Inflow to the lake m3/day
q out Outflow m3/day
n in Nitrogen in the inflow g/m3
94 e c o l o g i c a l m o d e l

library that contains general domain modelling knowledge,
written in form of generic variables types, generic processes,
list of alternative formulations for the generic processes, and
combining schemes that represents a recipe for combining
processes into a model of entire system, i.e., in ecological
terms the combining schemes represent the mass balances of
a state (system) variable. The procedure of automated mod-
elling with Lagramge is shown in Fig. 1. In order to discover
a suitable model for the observed system with Lagramge, the
modeler must (1) submit the measured data of the system and
(2) specify the modeling task. In the modelling task the mod-
eller specifies observed system variables and processes that
are expected to influence the behaviour of the observed sys-
tem. Modelling task specification corresponds to conceptual
model of the ecosystem.

Given a specification of modelling task at hand, Lagramge
pre-processor can transform the high-level knowledge from
the library into an operational form of a grammar in a fol-
lowing way. For each process in the task specification the
algorithm first checks the consistencies of the types of the
variables involved in the process. Then, the algorithm matches
the process from task specification against the generic pro-
cesses in the knowledge library. Once the match is found, we
use the generic process definition to obtain the list of all alter-
native mathematical models for the particular process. Thus,
the result of this match is the list of specific mathematical
model structures that can be used to model the process spec-
ified in the task specification. This list of alternative models is
encoded in the grammar as a list of alternative rules for gen-
erating arithmetical expressions. Combining scheme from the
library is then used to compose the models of individual pro-
cesses into a single model of the whole observed ecosystem.
This grammar now completely specifies the space of candi-
date models of the observed system. This is illustrated in the
left-hand side of Fig. 1.

Once we have the grammar, we can use equation dis-
covery system Lagramge to heuristically search through the
space of candidate models, match each of them to submit-
ted data by fitting the values of the constant parameters.
These models can be evaluated by two heuristic functions.
One is mean square error (MSE)—it measures the discrep-
ancy between measured data and data obtained by simulating
the model. The function is presented in Eq. (1), where vd(i)
represents measured value of the variable vd at point i, ṽd(i)
represents the calculated value of the variable vd at point i by
the discovered equation of form v̇d = E, and m is the number
of measured points.

MSE =
∑m

i=1(vd(i) − ṽd(i))2

m
(1)

The other is minimum description length (MDL) function that
takes into account model complexity and introduces prefer-
ence towards simpler models. This function is shown in Eq.
(2), where l(E) represents the equation length (expressed in

number of terms), lmax is the maximal equation length, which
can be derived from the grammar and the simplest term in the
grammar (E0). Parameter 10 is selected based on experience.
The second term in the function increases the MSE based on
2 1 2 ( 2 0 0 8 ) 92–98

the equation length (longer equation will have higher error).

MDL(v′
d = E) = MSE(v′

d = E) + l(E)
10lmax

MSE(v′
d = E0) (2)

Further details about the modelling framework from Fig. 1 can
be found in (Todorovski, 2003).

2.3. The knowledge library

In this paper we are using a library that supports mod-
elling food webs in lakes (Atanasova et al., 2006a). The library
supports construction of zero-dimensional N-box models, by
implementing the mass conservation law, i.e., modelling with
ordinary differential equations (ODE modelling). It was esti-
mated that the knowledge coded in the library covers great
number of known lake models. Models of different complexity
can be derived from the library, such as the simple Vollenwei-
der’s model (Vollenweider, 1968) or the fairly complex SALMO
model (Bendorf, 1979; Recknagel, 1980). For more details see
Atanasova et al. (2006a).

3. The data set and the experiments

3.1. The data set

Lake Glumsø (Jørgensen et al., 1986) is situated in a sub-glacial
valley in Denmark. It is a shallow lake with average depth
of about 2 m. Its surface area measures 266,000 m2. For sev-
eral years, it was receiving mechanically–biologically treated
waste water from a community with 3000 inhabitants and a
surrounding area which was mainly agricultural with almost
no industry. The high-nitrogen and phosphorus concentration
in the treated waste water has caused hypereutrophication.
The lake contained no submerged vegetation, probably due to
the low transparency of the water and oxygen deficit at the
bottom of the lake.

The data set (provided by Jørgensen, 2004) includes 2 years
of daily measurements from April 1973 to 1974 and from
October 1974 to 1975. The data include daily measurements
of through flow, daily sunlight intensity, water temperature,
p in Phosphorus in the inflow g/m3

ps Soluble phosphorus in the lake g/m3

phyto Phytoplankton biomass concentration g Chl-a/m3

zoo Zooplankton biomass concentration g DW/m3
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Fig. 2 – Schematic presentation of the modelling k

.2. Preparing Lagramge for model discovery

.2.1. Knowledge preparation
ur goal is to discover a phytoplankton model (expressed

n Chl-a) for Lake Glumsø using the automated modelling
ethod Lagramge. For this, we first need to prepare our

pecific knowledge about the system, i.e., modelling task
pecification that corresponds to conceptual model of the
ystem. The processes that affect phytoplankton concen-
ration were considered to be growth of phytoplankton,
espiration, sedimentation, and grazing by zooplankton. Phy-
oplankton concentration increases due to the growth process
nd decreases due to respiration, sedimentation and grazing.
his specific knowledge about the processes was introduced

o Lagramge through task specification as shown in Table 2.
In the lines from 1 to 5 the variables’ types are declared,

.e., ps (dissolved inorganic phosphorus) phyto (phytoplankton,
xpressed as Chl-a), zoo (zooplankton), temp (temperature),
nd light (light intensity). Note that phytoplankton is the
ystem or state variable and the others are considered as
ndependent variables. Therefore the word system stands in
ront of the variable declaration (Table 2, line 2). Processes
re defined in the lines from 6 to 9. Phytoplankton growth
s described in line 6. The process name is PP growth and

t has four arguments. The first is the name of the phyto-
lankton state variable. The arguments in the {} brackets, i.e.,
ps}, {light} and {temp} define the influences and limitations
f the process by nutrients, light, and temperature, respec-

ig. 3 – Best models performance on training data—(a) model ind
974/1975 data, Eq. (7).
ledge for the process of primary producer growth.

tively. Leaving one of them out would indicate no influence
by the variable, which was left out. For instance, definition of
a growth process that is influenced only by temperature and
by two nutrients simultaneously (ps and ns) but is not light
limited, would be:

process PP growth(phyto, {ps, ns}, {temp}, {})

The process Feeds on (line 7) stands for predatory loss
of phytoplankton. Optional arguments of this process are
the zooplankton food (phyto) and temperature (temp), which
means that the growth of zoo can be or not influenced by the
food concentration (none or many species) and temperature.
Similarly, the rest of the processes in the system (Respira-
tion PP, and Sedimentation) are defined (see lines 8 and 9).

Note that each process in the task specification is declared
in the knowledge library with several possible formulations
among which Lagramge selects the most suitable one accord-
ing to the given measurements. For example, the process
of primary producer growth (PP growth), schematically pre-
sented in Fig. 2, contains three different models (alternative
formulations for this process), i.e., exponential model, logistic
model, and growth model limited by nutrients (nut), tempera-
ture (T), and light (I). Furthermore nutrient, temperature, and
light limitations are defined as functions that can also have

several alternative formulations. Thus, according to Fig. 2 we
have twenty possible formulations for the PP growth process,
i.e., one alternative for exponential model, one for logistic
model and 18 for nutrient light and temperature limited model

uced on 1973/1974 data, Eq. (6) and (b) model induced on
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to their goodness of fit to the training data set, i.e., MSE. For
both years Lagramge found models that fit very well to the
measurement data (see Fig. 3). The best model (model with
lowest MSE on the training data) induced on 1973/1974 data is
Fig. 4 – Evaluation of the phytoplankton models on test data
(6)) on the 1974/1975 data and (b) simulation of the model tr

(3*3*2). We here present two variations of the growth-limited
model (Eqs. (1) and (2)), where pp is concentration of primary
producer, Tmin stands for minimal water temperature for phy-
toplankton growth, Tref is the reference temperature at which
the constant parameters are given (typically 20 ◦C). Const, k1,
and k2 are constant parameters that are fitted to measure-
ments. Const represents the maximal growth rate at optimal
conditions (nutrients, temperature and light), which is cor-
rected by multiplication with nutrient, temperature, and light
function, whereas k1 and k2 are half-saturation constant in
the Monod function1.

PP growth = pp · const
nut

k1 + nut
T − Tmin

Tref − Tmin

I

k2 + I
(3)

PP growth = pp · const
nut2

k1 + nut2

T − Tmin

Tref − Tmin

I

k2 + I
(4)

The first alternative (Eq. (1)) of the growth-limited model
includes the Monod saturation function for nutrient and light
limitation, and linear temperature function, whereas the sec-
ond (Eq. (2)) includes a second order Monod for nutrient
limitation. Similarly, we have a number of candidate formula-
tions for the rest of the processes in this lake.

The library of modelling knowledge also specifies how to
combine the processes into a corresponding model of the
whole system (Dzeroski and Todorovski, 2003; Todorovski,
2003; Atanasova, 2005). The combining rules in the library
support modelling with ordinary differential equations by
following the mass conservation principle. According to the
combining rules from the library, the processes defined in the
task specification, will be composed in the following model

based on one differential equation (5):

d phyto
dt

= PP growth − Respiration PP − Sedimentation − Feeds on

1 Monod function represents a limitation function. For example,
Monod term f(x) = x/(x + constant) indicates limitation by x. The
smaller the constant (half saturation coefficient) in the Monod
term the smaller is the influence by x. A term with saturation coef-
ficient of zero, i.e., x/(x + 0) is equal to 1, which means no limitation
(influence) by x.
(a) simulation of the model trained on 1973/1974 data (Eq.
d on 1974/1975 data (Eq. (7)) on the 1973/1974 data.

3.2.2. Data preparation
Regarding lake data measurements, following needs to be
stressed: (1) Some lakes have repeating (similar) patterns from
year to year, but this is not necessary, so inducing general
model from multiple seasons (years) typically does not lead to
satisfactory results. Therefore, it is reasonable to fit a model on
1 year’s data and validate it on others, and (2) measurements
can be quite unreliable—thus some years may have more rep-
resentative measurements. Models induced on such data are
more general and can be easier validated on data from other
periods.

Following this facts we prepared the 2 years data in two
data set files, i.e., 1973/1974 and 1974/1975 data sets. In order to
find the most general model (model that can also be validated
on unseen data) we set Lagramge to train models on each year.
Next, we take the best model from each year and simulate it
on unseen data.

4. Results and discussion

4.1. Model induction

Lagramge discovered two sets of total phytoplankton models
using (1) the expert knowledge specified in Table 2 and the data
set from 1973/1974 and (2) the same expert knowledge and
the data from 1974/1975. These models are ranked according
(5)

Table 2 – Task specification for the Lake Glumsø

1 Variable inorganic ps
2 System variable Primary producer phyto
3 Variable animal zoo
4 Variable temperature temp
5 Variable light light
6 Process PP growth(phyto, {ps}, {temp}, {light}) p1
7 Process Feeds on(zoo, {phyto}, {temp}) p3
8 Process Respiration PP(phyto, {temp}, {ps}, {light}) resp0
9 Process Sedimentation(phyto, {temp}) sed0
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Note however, that the present information (data) about the
ig. 5 – Phytoplankton model (Eq. (8)) performance on Lake G
alidation on unseen data.

resented in Eq. (6) and the best model induced on 1974/1975
ata in Eq. (7).

d phyto
dt

= phyto · 0.5
ps

ps + 0.009
temp

20
light
225.2

e−((light/133.4)+1)

−phyto · 0.14
temp − 2.8

20 − 4
− phyto

0.28
d

temp − 4
20 − 4

−zoo · 0.01
temp

20
phyto

phyto + 4.45
phyto (6)

d phyto
dt

= phyto · 0.25
ps2

ps2 + 0.006
temp

20
light
151.9

e−((light/135)+1)

−phyto · 0.12
temp − 4

20 − 2
− phyto

0.18
d

temp − 2
20 − 2.3

−zoo · 0.01 · 1.13(temp−20) phyto
phyto + 5

phyto (7)

Regarding the transparency and clearness to domain
xperts both models follow the rules declared in the library.
hey contain four terms, each corresponding to the processes

rom the combining scheme (Eq. (5)), i.e., the first term rep-
esents phytoplankton growth, the second respiration, the
hird sedimentation, and the fourth grazing by zooplankton.
oth years are identified with similar model structures. The
nly difference is in the nutrient limitation function, which

n the first case (Eq. (6)) represents a simple Monod function,
hereas in the second (Eq. (7)) Monod2 function, and in the

emperature function in the grazing term. Major difference
etween these two models is in the values of the models’
arameters.

.2. Evaluation of the models

n the previous section Lagramge found two models that fit
ery well to the training data set. In order to evaluate the mod-
ls we simulated them on unseen data, i.e., the model trained

n 1973/1974 data was simulated on 1974/1975 data and vice
ersa. The simulation of the models is shown in Fig. 4. It is evi-
ent that the model trained on 1973/1974 data shows better fit
n the evaluation data set.
sø data. (a) Performance on the training set and (b)

Models evaluation works in favour to the model discovered
on 1973/1974 data, since the simulation on unseen data shows
better fit to the measurements. This can lead to conclusion
that the data set from 1973/1974 is more representative for
the situation in the Lake Glumsø and therefore the models
induced on this year data set can be successfully evaluated on
other years.

However, these models are chosen according to their MSE
on the training data set. This includes the possibility that mod-
els with slightly lower MSE may still perform good enough on
the training set, but better on evaluation data set. Therefore,
the evaluation analysis requires more detailed investigation
on the other models in the model sets as well, i.e., models
that have lower MSE on the training data. In this manner we
simulated the first ten models in each model set on evalua-
tion and training data set. This analysis reveals the following.
The best model in the 1973/1974 model set performs best on
the evaluation data set (1974/1975), whereas the best model in
the 1974/1975 model set regarding evaluation is the one that
was ranked on the third place according to MSE (Eq. (8)) on the
training data.

d phyto
dt

= phyto · 0.33
ps

ps + 0.023
temp

20
light
198.5

e((−light/137)+1)

−phyto · 0.12
temp − 2.7

20 − 4
− phyto · 0.14

d

temp − 4
20 − 2.6

−zoo · 0.01 · 1.13(temp−20) phyto
phyto + 5

phyto (8)

Note that this model performs nearly as good as the best
model (model with lowest MSE) on the training data and has
very similar structure as the model induced on 1973/1974.
They only differ in the parameters’ values and the temper-
ature function in the grazing term. Performance of this model
on training (1974/1975) and evaluation (1973/1974) data set is
shown in Fig. 5.

According to these results Lagramge can find good models
in terms of goodness of fit on unseen data on both data sets.
system do not allow for final estimate about best model. In
order to finally evaluate the models, we need additional data
set to simulate the models, and investigate their behaviour on
unseen data.
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5. Conclusions

An approach to automated modelling (Lagramge), i.e., discov-
ery of models in form of ODE’s by using the expert knowledge
and measured data, has been successfully applied on a real-
world domain, i.e., Lake Glumsø. The data set comprising 2
years daily measurements was split in two parts in order to
have sufficient data for training and evaluating models. Using
the automated modelling tool a set of phytoplankton mod-
els was successfully discovered and evaluated. Evaluation of
the models indicates that Lagramge can discover several good
phytoplankton models in terms of fitting the training as well
as the testing data. In order to make the final estimate about
the best model, additional data set is needed to evaluate the
models presented in this paper.
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